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Abstract 

Over the last 25 years, the notion of "fuzzy spaces" has become 
ubiquitous in the high-energy physics hterature. These are finite di- 
mensional noncommutative approximations of the algebra of functions 
on a classical space. The most well known examples come from the 
Berezin quantization of coadjoint orbits of compact semisimple Lie 
groups. 

We develop a theory of Berezin quantization for certain quantum 
homogeneous spaces coming from ergodic actions of compact quantum 
groups. This allows us to construct fuzzy versions of these quantum 
homogeneous spaces. We show that the finite dimensional approxi- 
mations converge to the homogeneous space in a continuous field of 
operator systems, and in the quantum Gromov-Hausdorff distance of 
Rieffel. 

We apply the theory to construct a fuzzy version of an ellipsoid 
which is naturally endowed with an orbifold structure, as well as a 
fuzzy version of the 0-deformed coset spaces C{G/H)jts of Varilly. 
In the process of the latter, we show that our Berezin quantization 
commutes with Rieffel's deformation quantization for actions of W^. 
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1 Introduction 

The concept of a path integral is essential in quantum field theory. To com- 
pute these integrals for quantum systems of dimension greater than + 1, 
one typically tries to approximate the configuration space of the system by a 
zero dimensional space and then attempts to take an appropriate limit. How- 
ever, if one replaces the configuration space by some lattice of its points, one 
usually loses most of the symmetry of the configuration space. This is unap- 
pealing from a computational standpoint, since symmetry generally makes 
computations simpler. More important than this though is the fact that 
symmetries of the configuration space give conservation laws of the physical 
system. Thus there are typically aspects of the physics lost when one replaces 
the configuration space by a lattice approximation. For a basic introduction 
to quantum field theory, see |Pe] . 

In the physics literature, it is very common to find the notation of "fuzzy 
spaces" |Maj| , [Flj . [Do2j . [Bi] . |Moj . |Loj . These are finite dimensional non- 
commutative spaces that replace the lattice approximation of a configuration 
space and have the full symmetry of the space. Historically the first exam- 
ple was the fuzzy sphere. For each n G N there is an action of SU{2) on 
M„(C) by conjugation with the ra- dimensional irreducible representation of 
SU{2). Moreover, one has M„(C) = 1 ©3 © ... © 2n - 1 as an S'f/(2)-module, 
where n denotes the n-dimensional irreducible representation of SU{2). On 
the other hand, if one decomposes C{S'^) as an S'?7(2)-module, one has 
CiS^) = 1 © 3 © 5 © .... Since SU{2) (or rather ^0(3)) is the full isom- 
etry group of 5"^, this suggests that dynamics on M„(C) should resemble 
dynamics on S"^ for n G N large. One can go on to check that the ma- 
trix product on M„(C) converges to the commutative product on C(S'^) as 
n — > cx) in a suitable sense |Bal] . so that particle interactions agree in the 
limit as well |Pe] . For this reason, the sequence of matrix algebras M„(C) 
equipped with their actions of SU{2) is called the fuzzy sphere, and it is the 
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optimal setting to use for computing path integrals on the sphere. See |Bal] 
for more details and computations for general fuzzy CP". 

This example is best understood using the language of strict quantization 
of C*-algebras. The algebras M„(C) together with C(S'^) form a continuous 
field of C*-algebras, and the sequence of Berezin adjoint maps a" : C{S'^) — *• 
M„(C) give for any / G C{S'^) a continuous section 



The essential property of these Berezin adjoints as well as the corresponding 
Berezin symbols cr" : M„(C) —>■ C(S'^) which are adjoint to them is that 
they are positive, unital, and S'?7(2)-equivariant. These Berezin symbols are 
constructed more generally for coadjoint orbits of compact semisimple Lie 
groups, and we write them down in Section 2.6 below. See [Lanj for more 
details of this construction, and particularly for the proof that there is a 
continuous field of C*-algebras. 

In |Re3] . |Re6] Rieffel proves additionally that given any length function 
on SU{2), there are corresponding quantum metrics (that is Lip-norms, see 
Definition 12.51 below) on C(S'^) and on each M„(C). Moreover, he uses the 
Berezin symbol and adjoint to show that the quantum metric spaces M„(C) 
converge to C(S'^) in quantum Gromov-Hausdorff distance. He proves the 
corresponding result for general coadjoint orbits. 

The goal of this paper is to generalize these results by constructing Berezin 
quantizations from actions of compact quantum groups, and then generaliz- 
ing Rieffel's results on inducing quantum metrics, and proving convergence 
in quantum Gromov-Hausdorff distance. 

Throughout this paper, we denote by A a compact quantum group, A its 
polynomial subalgebra, A its comultiplication, e its counit, k its coinverse, 
h its Haar state, and m its multiplication map. 

Let A be coamenable and of Kac-type (i.e. = id). Let (m,H,^) be 
an irreducible unitary representation of A. Let C, G 7i be a distinguished 
vector with the property that the cyclic subrepresentation generated by 
in T-C^"' is irreducible for all n G N (like a highest weight vector for Lie 
groups). Given this data we construct a coideal A^ C A which is the analog 
of a coadjoint orbit for Lie groups, and we construct a sequence of finite 
dimensional operator systems B"', and positive unital mappings a" : ^B" — *■ 
A^ and a" : A^ — > We prove the following theorem: 




h = o 

h = l/n,n G N. 
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Theorem 1.1 The mappings a"" : give a strict quantization of the 

operator system . If La is any right-invariant Lip-norm on A, then La 
induces Lip-norms on L and Ln on A^ and B"', and (S", L„) converges to 
{A^,L) in quantum Gromov-Hausdorff distance as n ^ oo. 

The most pecuhar feature of our construction is that our quantum ho- 
mogeneous spaces (see Definition I3.16P will be operator systems and not 
necessarily C*-algebras. This facet is linked to the fact that our stabilizers 
are not quantum subgroups of A. There is very little discussion of orbits 
and stabilizers in the literature. One of the few serious discussions is in |Ju] . 
where the stabilizer is taken to be largest quantum subgroup of A fixing a 
distinguished element. Based on our calculations in Chapter 4, we find that 
the correct definition is that the stabilizer should be the largest quantum 
subset of A fixing the distinguished element. For ordinary groups these two 
notions coincide, but we will see in Section 3.3 that they are distinct even 
for cocommutative quantum groups. 

One difficulty we must overcome is to define a strict quantization of an 
operator system. There has been much discussion of strict quantization for 
C*-algebras, and many definitions have been given. A very good summary of 
these is given in Section 2 of Hawkins paper |Hawj . In Definition 12.31 below 
we give a working definition for a strict quantization of an operator system, 
which we define essentially just to be a continuous field of operator systems 
together with a distinguished collection of the continuous sections. In the 
language of Hawkins, this is what he would call a 0*'^-order strict deformation 
quantization in the C*-case. Here, the "order" essentially measures how well 
the quantization interacts with the Poisson bracket (that is, a distinguished 
Hochschild cohomology class) on the C*-algebra. In his paper, Hawkins 
argues that anything less than a 2'^'^-order strict deformation quantization 
should really not be considered to be a quantization at all. We hope that 
later a more complete definition in the case of operator systems will be given 
that will include a discussion of Poisson brackets for operator systems. 

We believe that the Kac condition in our theorem should be able to be 
removed by suitably twisting our operator systems. Evidence for this belief 
can be seen from the results of puj, where the authors study coherent states 
for g-deformations of the classical simple Lie groups. In Section 8 the authors 
give a version of Berezin quantization for these groups. In [Har] the authors 
extend this construction in the case of SUq{2) by giving Dirac operators on 
the g-deformed fuzzy spheres, which by Connes' philosophy is akin to giving 
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a Riemannian metric on them. They check that the spectrum of their Dirac 
operator agrees with that of a standard Dirac operator on the g-deformed 
sphere up to some finite cutoff, suggesting that the g-deformed fuzzy spheres 
are converging to the g-deformed sphere as Riemannian manifolds, and not 
just as topological spaces. We hope to soon be able to include these examples 
into our framework. We remark that the example given in the appendix to 
this paper shows that it is unlikely that the coamenability assumption can 
be removed. 

We would also like to relate the constructions of this paper to the results 
of Bhowmick and Goswami on quantum isometry groups. In |Bhlj Bhowmick 
and Goswami define the quantum isometry group of a spectral triple, and 
they compute examples in |Bh2] and |Bh3j . In [Goj Goswami defines the 
quantum isometry group of a general (classical) metric space. It is a very 
important fact for quantum field theory that the finite dimensional approx- 
imations that comprise a "fuzzy" version of a metric space have the same 
isometry group as the original space. We would like to understand what is 
the quantum isometry group of a quantum metric space, and we would like 
to know whether our finite dimensional approximations B"' have the same 
quantum isometry group as the coideal . 

In the later sections of this paper, we will extend our results to certain 
operator systems constructed from ergodic actions of A on C*-algebras. The 
literature on ergodic actions of quantum groups is extensive. We give a few 
examples in Section 6, but the list there is far from exhaustive. First of 
all, in pi2j Pinzari and Roberts extend the Tannaka-Krein duality for quan- 
tum groups by showing that any quasitensor functor on the representation 
category of a quantum group A comes from an ergodic action of A on a C*- 
algebra. Although not strictly an example, there is a related construction 
by Banica in [Banlj that associates a Popa system to any finite dimensional 
unitary representation of A. These two results together are the foundation 
for a philosophy that there is a strong connection between subfactors and 
actions of quantum groups. In |Pi3j the authors associate an ergodic action 
of C{SUq{2)) to any inclusion of IIi factors with finite Jones index. Other 
examples of actions related to subfactors (although not all are ergodic) can 
be found in |Ban3] . |Ban4] . [Maslj . |Mas2] . and [M]. For a good survey 
article, see |Ban5] . A completely different family of examples are described 
in |Wa2] . where Wang gives examples of ergodic actions of certain compact 
quantum groups on the hyperfinite factor of type IIIa for any A 7^ 0. He 
also gives examples of ergodic actions of Kac-type quantum groups on the 
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hyperfinite IIi factor, and on certain type IIIa factors. 

In Section 2 we go over the necessary background and prove a few pre- 
liminary results. The new material is as follows. In Section 2.1 we give the 
definition of a continuous field of operator systems, and we also give a work- 
ing definition of a strict quantization of an operator system. At the end of 
Section 2.3, we discuss the adjoint : Ti ® L'^{A) ^ H of a. unitary repre- 
sentation u : Ti. ^ Ti. ^ A of A, and we give four computations in Proposition 
12.101 through Lemma 12.131 that we use repeatly throughout this paper. Fi- 
nally, in Section 2.5 we extend Li's results from Section 8 of [Lij to ergodic 
actions of compact quantum groups on order unit spaces. We also define 
length functions for compact quantum groups and give their connections to 
Lip-norms, extending the results of |Re2j . 

The material from Section 3 is of its own interest. Here we develop a 
theory of stabilizers for actions of quantum groups. This theory works for 
general compact quantum groups, not just Kac-type or coamenable. We find 
it useful to leave the category of compact quantum groups in this section. 
The result of Lemma 13.41 and the proof of Theorem 13.71 show that in a wide 
variety of concrete categories, a universal mapping U : A B stabilizing an 
element in a unitary representation of A exists. In Section 3.2 we investigate 
this universal mapping for the category of (full) compact quantum groups. 
In Section 3.3 we look at this universal mapping for the category of order 
unit spaces. 

In Sections 4.1 and 4.2 we develop Berezin quantization for a "coadjoint 
orbit" A^ of a Kac-type coamenable compact quantum group A. We see 
here that for the purposes of Berezin quantization, the correct stabilizer to 
use is the one arising from the category of order unit spaces. Beginning in 
Section 4.3 we consider the interaction of this quantization with Lip-norms, 
and we prove the above theorem in Section 4.5. 

In Section 5 we develop and prove a generalization. Intuitively, we asso- 
ciate to any ergodic action of A on a C*-algebra a certain noncommutative 
vector bundle whose fibres are isomorphic to A^ . We extend our results 
on Berezin quantization and convergence in quantum Gromov-Hausdorff dis- 
tance to these spaces as well. We will see in Section 6 that these examples 
should be viewed as noncommutative orbifolds. 

In Section 6 we give examples of compact quantum groups, and we ex- 
plicitly compute stabilizers and Berezin quantizations from representations 
of them. In particular, we show that our Berezin quantization commutes 
with the Rieffel deformation of compact quantum groups described by Wang 
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[Wa3j ■ and show that the quantum coadjoint orbit of C{G)fij is given by the 
quantum homogeneous space C{G / K)f^ oi Varilly |Vaj . We also use the gen- 
erahzation of Section 5 to give an exphcit strict quantization of the orbifold 

Finally, in the appendix we consider whether or not stabilizers have Haar 
states. We will show that they do for the representations considered in 
Section 4. We will also give an example which shows that the coamenability 
assumption cannot be dropped from Theorem ll.il 

I would like to thank Daniel Kaschek and Stefen Waldmann for helpful 
comments about their paper |Kal] , as well as Shuzhou Wang for many helpful 
discussions. Finally, I would like to thank Marc Rieffel for endless help and 
support as my advisor. 

2 Preliminaries 

2.1 Order Unit Spaces and Operator Systems 

For our purposes, we define an order unit space to be a triple (V^, V^"*", e), where 
is a complex *-vector space, C Vsa is a cone with — = Vsa, 
and e G is a distinguished vector such that for any v G one has 
(re — f ) G for some r G M^. We refer to e as the order unit of V. As 
usual, induces a partial order on Vsa hj v < w whenever {w — v) G V^. 
The order unit then gives a so-called order seminorm on Vsa by ||f || = inf{r G 
M"*" I — re < V < re}. This seminorm is finite since Vsa = V^ — V'^ . It is 
shown in (Paj that there exist various extensions of this norm to all of V^, 
but the particular extension will not make any difference to us. In fact, for 
most purposes we will only concern ourselves with the self-adjoint part of V . 
We consider only Archimedian order unit spaces; that is, order unit spaces 
such that this induced seminorm is actually a norm. It is shown in [Pa] that 
any order unit space has a maximal quotient space which is Archimedian. 
Note that when many of the standard algebraic constructions (in particular, 
quotients) are applied to Archimedian spaces, the resulting spaces need not 
be Archimedian. In such situations we will always tacitly replace the resulting 
spaces with their maximal Archimedian quotients. 

It is important to note that the norm on Vsa is a secondary construction. 
As such, it is quite possible in general that Vsa might not be complete in the 
order norm. 
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The direct sum of two order unit spaces (y,V~^,ev) and {W,W~^ ,ew) 
is given by {V ® W,V~^ Q) ey ® ew), where we interpret V'^ © W'^ = 
{v Q) w \v E V"^, w G W~^}. Likewise, the tensor product V ®W is again an 
order unit space with cone {Sjf \vi G V~^, Wi G W^}. Again, since order 
unit spaces need not be complete, the algebraic tensor product is a perfectly 
good order unit space. 

A morphism of order unit spaces is a linear map ^ : V ^ W which 
satisfies C and ^{ey) = ew- Since Vsa = — , a morphism 

is necessarily ^-preserving. A linear map such that ^{V^) C will be 
called positive. A linear map such that $(ey) = ew will be called unital. 
It is known that a linear map between order unit spaces ^ : V ^ W is a. 
morphism if and only if it is unital, and \\^\\ = 1. For a given order-unit 
space (V, e), of particular interest are the morphisms from (V, e) to the order- 
unit space (C, 1). A positive unital linear functional (p : V ^ C is called a 
state. The set of all states of V is called the state space of V and is denoted 
S{V). For Archimedian order-unit spaces, the state space of V seperates the 
points of V |Paj . 

An order ideal of is a linear, *-closed subspace K C V such that 
k E K n and v & V with < v < k imply v E K. Clearly, the kernel 
of a positive unital map is an order ideal. Conversely, if ii' C is an order 
ideal, then the natural quotient map V V/K can be used to give an order 
unit structure on V/K, where an element of V/K is defined to be positive 
if it has a positive preimage, and the order unit of V/ K is defined to be the 
image of ey. 

A related concept is that of an operator system [Arj . An operator system 
is a unital, *-closed linear subspace of a C*-algebra which is closed in the norm 
topology. It is known that operator systems have enough positive elements 
so that the positive elements generate the self-adjoint elements |Arj. Thus 
an operator system is an order unit space. We will see in Section 3 that our 
stabilizers may not be closed in the order norm, so they are just order unit 
spaces. However, the corresponding spaces of fixed elements are operator 
systems, their finite dimensional approximations S". In the literature, 

one usually takes morphisms of operator systems to be completely positive 
maps [Arj . but we emphasize that we are only working with positive maps. 
Indeed, the Berezin adjoint a we define below is not 2-positive in general. 

We will be primarily concerned with the idea of quantizing operator sys- 
tems. Strict quantizations in the C*-setting are well-known, see |Lanj for 
example. By no means will we fully work out what one should mean by a 
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strict quantization of an operator system, but we motivate and give a sim- 
ple definition which will suffice for our purposes. First, we define a field of 
operator systems. 

Definition 2.1 Let X be a locally compact topological space. Let € be an 

operator system, and let {iix}xex be a family of operator systems parameter- 
ized by X . For each x E X , let (j)^ : € iix be a distinguished positive unital 
map. Suppose that these maps satisfy the following properties: 

• IItII = supxex 1 10^(7) 1 1 for all E €, and 

• for any f e Co{X) and any 7 e (T there exists an element fjEC such 
that (pxifl) = f{x)(f)x{-f) for all xeX. 

Then we refer to (C, {itr}, {4>x}) cls a field of operator systems over X. The 
elements of C are called sections of the field. 

Let 7 e and suppose in addition that the function x ^ 1 1 0a; (7) 1 1 is 
continuous. Then we call E (t a continuous section. If all sections are 
continuous then we say that the field is continuous. 

Similarly we define upper semicontinuous and lower semicontinuous sec- 
tions and fields. 

We concern ourselves with one example. Let X = N U {00}. Suppose 
that we have a family of operator systems Mi, M2, M^, and we have two 
families of positive unital maps 

a"" : M„ ^ Moo, and 
a" : Moo^M„. 

Suppose further that the sequence of composition maps cr" o it" : M^o — > 
Moo converges strongly to the identity on Moo- Then we have the following 
proposition. 

Proposition 2.2 In the scenerio described above, let 

C = e n^6Nu{oo}M^ I ^00 = lim (7"(C„)}. 

n— >c» 

For each x eNU {00}, let (px '■ ^ ^ Mx be the map which is evaluation at x. 
Then (€, {Mx}, {(f>x}) is an upper semicontinuous field of operator systems. 
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Moreover, for each uj G M^q and each x G N U {oo}, let 
Then for eachuj G M^o, we have Q{uj) is a continuous section of{^, {M^}, {0a:})- 



LU X = OO 

a^{uj) X ^ oo. 



Proof: We begin by showing that €. is an operator system. Since each of the 
maps : Mn — > Moo is positive and unital, it is clear that C is *-closed and 
contains the unit of Ilxmu{oo}Mx. We must show it is norm closed. Suppose 
G C and converges to ^ G Ilxmu{oo}Mx in norm. This means that 
suPs 11^;^ — ^x\ \ ^ as k ^ oo. Then the estimate 

I i^oo - a-iu 1 1 < I i^oo - di I + 1 Id - 1 1 + iw^^i^n - a) 1 1 

shows that ^ G C Thus CC is norm closed and so is an operator system. 

The ordering on IlxeNu{oo}Mx is pointwise, so it's clear that each of the 
evaluation maps (p^ '■ ^ ^ is positive and unital. The condition on the 
norm of C is just the definition of the product norm, so we have the first 
condition of Definition 12. 1[ If / G C(N U {oo}) and ^ G it's easy to see 
that the element G IlxeNu{oo}Mx defined by {f^)x = f{x)^x is actually in 
C, so we have the second condition as well. Thus (C, {Mx}, {4>x}) is a field 
of operator systems. 

We check upper semicontinuity. Let ^ G C Then we have 

lleooll = lim ||a"(a)|| 

n— >oo 

< liminf 

n^oo 

Since oo is the only accumulation point of N U {oo}, upper semicontinuity 
follows. 

Now let uj G Moo. We have c'""(Q„(u^)) = (cr" o (t^)(uj), which converges 
to a; = Qoo{uj) by the assumptions of our scenerio. Thus Q{uj) is an element 
of C Finally, we have that 

||Q„H|| = ||a"H||<||^|| = ||QooHI|. 

Combined with the inequality above, we see that Q{uj) is a continuous section. 

□ 
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Let Plank's constant ^ be 1/x for x G N U {oo}. The statement that 
Q(a;) is a continuous section of (£, {M^}, {(f)x}) intuitively says that the maps 
Qn : Moo Mn give a strict quantization of Moo- The only aspect we're 
missing is that one would like a statement about convergence of some Poisson 
brackets. We will not attempt to understand Poisson brackets in this paper. 
For our purposes, we give the following definition of a strict quantization of 
an operator system. 

Definition 2.3 Let /CM contain as an accumulation point. A strict 
quantization of an operator system M on I consists of 

1. a continuous field of operator systems (£, {ilfc}, {<t>k}) over I , with ilg = 
M , and 

2. a positive unital map Q : M ^ €. which satisfies Qo(^) = ^ for all 

uj e M. 

Theorem 2.4 Let Mi, M2, Moo be a collection of operator systems. Let 
cr"- : Mn — > Moo md a" : Moo Mn be two collections of positive unital 
maps such that the sequence of compositions a" o a" : M^o M^o converges 
strongly to the identity on M^q. 

Let h = 1/x for x G N U {cxo}. Then there is a continuous field of 
operator systems (pn) such that ii/i = M^ for each x G N U {00}, and 

this continuous field together with the quantization maps 

Q^(cj) = a"(cu) Vn G N, Vcu G Moo 

gives a strict quantization of the operator system Moo ■ The operator system 
^ is the subsystem of continuous sections of the semicontinuous field C of 
Proposition \2.B, 

Proof: Most of the content of this theorem follows from Proposition 12.21 
The only thing we have left to check is that the subset ^ of continuous 
sections of C is an operator system. It's clear that 05 is *-closed and unital, 
so we only need to check that it is norm-closed. If {^^} is a sequence in 03 
that converges in norm to ^ G then in particular we have 

hm sup 1114^11 -lle.ll I =0. 

k^oo 3,gNU{oo} 
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For each G 03 we have hm„^oo W^nW — ll^^ll- Then the estimate 

iiieooii - iieniii < iiieooii - iiem + iiidii - iie^iii + iiie^ii - 

gives that hm^^oo ||^n|| = ll^ooH as welL Thus 03 is norm closed and is an 
operator system. □ 



2.2 Quantum Metric Spaces 

In |Relj Rieffel gives the notion of compact quantum metric spaces, and 
defines the quantum Gromov-Hausdorff distance between them. We recall 
the basic ideas and results of that paper here. 

An ordinary compact topological space X can be recovered from its alge- 
bra of continuous functions C (X) as the set of pure states endowed with the 
weak* topology. A metric px determines a Lipschitz seminorm L on C{X) 
defined by 

x^y Px{x,y) 

It has the following properties: 

• The set {/ G C{X) \ L{f) < oo} is *-closed and dense. 

• L{f) = if and only if / is a constant function. 

Moreover, L in turn induces a metric p on the whole state space of C{X). 
For /i, z/ G S{C{X)) we let 

p(/i,z/) = sup{|M/)-K/)l : ^(/)<1}- 

It's easy to check that p coincides with px on X, when X is viewed as the set 
of pure states of C{X). It is also known that the topology induced by p on 
S{C{X)) is the weak* topology. In summary, the metric space {X,px) can 
be completely recovered from the pair {C{X),L), and L has the additional 
property of inducing the weak* topology on the whole state space of C{X). 
This motivates the following definition. 

Definition 2.5 Let {A,L) be a pair of an order unit space A and a (not 
necessarily finite valued) seminorm L on Asa- We say that L is a Lip-norm 
for A if L has the following three properties: 
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• The set {a G Aga \ L{a) < 00} is dense in Asa for the order-unit norm. 

• One has L{a) = if and only if a is a scalar multiple of the order unit 

• Consider the metric pi on S{A) given by 

Pl{p, ^) = sup{|/i(a) - z/(a)| : L{a) < 1}. 
Then the topology induced by pi must be the weak* topology of S{A). 

Moreover, if A is an order unit space and L is a Lip-norm on A, then we 
call the pair {A, L) a compact quantum metric space. 

Notice that we have defined a Lip-norm to be a seminorm on Asa- Many 
times a Lip-norm is defined to be a seminorm on all of A, with the additional 
property that L{a) = L{a*). When A is a C*-algebra, L is often required to 
be finite on a dense *-subalgebra of A. 

In practice, the condition that the metric pi on S{A) induces the weak* 
topology is difficult to verify directly. However, there is a convienent condi- 
tion which Rieffel shows is equivalent to it. 

Proposition 2.6 jRe^ Let A be an order unit space. Let L be a seminorm 
on A that is finite on a dense subset of A and vanishes exactly on the scalars. 
Let A = A/C1a and let L be the quotient seminorm of L on A. Let B = 
{a G A I L(a) < 1}. Then we have: 

• S{A) is bounded for the metric pi if and only if B is bounded in the 
quotient norm. 

• Pl gives the weak* topology on S{A) if and only if B is totally bounded 
in the quotient norm. 

Next we need a method to measure how different two quantum metric 
spaces are. First, we recall the classical notions of Hausdorff distance and 
Gromov-Hausdorff distance. 

Let X be a compact metric space, and let Y and Z be compact subsets of 
X. Then the Hausdorff distance between Y and Z is the smallest 5 > such 
that Y is contained in the 5 neighborhood of Z and Z is contained in the 
5 neighborhood of Y . Since we consider only compact sets, the Hausdorff 
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distance between two subsets of X is zero if and only if they are equal. 
Symmetry is built into the definition, and the triangle inequality is also 
clear, so that Hausdorff distance is a metric on the space of compact subsets 
of X. 

Now suppose [Y, py) and (Z, pz) are two compact metric spaces. Let 
X = YUZ be the topological disjoint union of Y and Z. For any metric p 
on X that restricts to py on Y and pz on Z, one can compute the Hausdorff 
distance between Y and Z with respect to p. Then the Gromov- Hausdorff 
distance dist^^ between (y, py) and (Z, pz) is defined to be the infimum of 
the Hausdorff distances between Y and Z with respect to all such p. It is 
known that Gromov-Hausdorff distance is a metric on the isometry classes 
of compact metric spaces. Furthermore, the space of all isometry classes of 
compact metric spaces is complete with respect to this metric. Again, for 
details see |Relj . 

This motivates the definition of quantum Gromov-Hausdorff distance for 
quantum metric spaces. Namely, let {A, La) and {B,Lb) be two quantum 
metric spaces. Then the state spaces S{A) and S{B) become ordinary com- 
pact metric spaces with the metrics pl^ and pig described above. Consider 
the order unit space AQ) B. We have natural quotient maps from AQ) B to 
A and to B. Let A4 be the family of all Lip-norms L on A (B B such that 
the quotient seminorms of L on A and on B are La and Lb respectively. 
For any L G we can compute the Hausdorff distance between S{A) and 
S{B) inside {S{A © B), pi). Then the quantum Gromov-Hausdorff distance 
dist^^ between {A, La) and {B,Lb) is defined as 

dist^"{A,B) = m^dist{S{A),S{B)). 

Rieffel shows that quantum Gromov-Hausdorff distance is a complete metric 
on the space of all isometry classes of compact quantum metric spaces. 

In |Re3] Rieffel uses Berezin quantization to construct a sequence of fi- 
nite dimensional quantum metric spaces (5", Ln) that converge in quantum 
Gromov-Hausdorff distance to the two-sphere, or any coadjoint orbit, in a 
way that respects the SU{2) symmetry of the sphere. This is the result that 
we generalize in this paper. 

2.3 Compact Quantum Groups 

The basic objects we consider in this paper are compact quantum groups and 
their unitary representations. We begin with the definitions. (See |Maej .) 
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Definition 2.7 A compact quantum group is a pair (A, A), where A is a 
unital C* -algebra and A is a * -homomorphism A : A ^ A ^ A with the 
following properties: 

• {A(g)id)A = {id® A) A 

• AA{1 (g) A) and {A ® 1)AA are both total in A. 

It is known that there is a dense * -subalgebra A d A and maps e : .4 — >■ C 
and n : A ^ A that make A into a Hopf algebra. We call A the polynomial 
subalgebra of A. If in addition the coinverse k satisfies = id, then we call 
A a compact quantum group of Kac-type. 

We will assume that our quantum groups are full; that is, we have A is 
the universal enveloping C*-algebra of A. In this case we have that the counit 
e extends to all of A. For A of Kac-type, the coinverse k extends to all of A. 

It is known that if A is any compact quantum group, tliere exists a full 
compact quantum group A^ that has the same polynomial subalgebra |Belj , 
so our last condition is not restrictive. 

Let G be a compact group. The motivating example of a compact quan- 
tum group is C{G) with coproduct Af{x,y) = f{xy), where we identify 
C{GxG) = C{G)®C{G). The counit and coinverse are given by e{f) = /(e) 
and i^f{x) = f{x^^). In particular, we have that C{G) is always of Kac-type. 
If r is a discrete group, then the universal group C*-algebra C*(r) can be 
made into a quantum group with the coproduct A{6^) = 6^ ®6-y. The counit 
is given by e{f) = S^gr/(7)- The coinverse is given by K{6y) = S^-i, so C*{T) 
is also of Kac-type. Other examples are 6'-deformations of ordinary groups 
|Re5j |Wa3j , the g-deformations of Lie groups |Wo2j , and the universal com- 
pact quantum groups Au{Q) and B^iQ) of Wang jWalj . The 6 deformations 
of a Kac-type quantum group are still of Kac-type, but the g-deformations 
of classical Lie groups are generally not of Kac-type. 

It is known that for any compact quantum group there is a unique state 
h G S{A) such that (h ® id)Aa = {id (g) h)Aa = h(a)l^ for all a e A. 
This state is called the Haar state of A. |Maej The Haar state is always 
faithful on the polynomial subalgebra A. If h is actually faithful on A, 
we call A coamenable. We use the notation L'^{A) for the Hilbert space 
generated by the GNS-construction of A with its Haar state. The coproduct 
A : A ^ A ® A induces a unitary representation of A on L'^{A), called the 
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right regular representation. See [Maej for details. Then A is coamenable if 
and only if the right regular representation is faithful. 

In general, h is not a trace on A. In fact, the Haar state is a trace exactly 
when A is Kac-type |Wol] . 

Let a & A and let 0, G A'. Then there are notions of convolution 
defined by: 



We note that * a and a * (f) are elements of A, while (j) * ip is an element 
of A'. The definitions are given such that any "associative" law one might 
write down holds. For example, (p * {^|J * a) = {(p * tp) * a. 

Let {A,Aa) and {B,Ab) be two compact quantum groups. A morphism 
from A to i? is a C*-algebra homomorphism ^ : A —>■ B such that o $ = 
($ ® $)A^. If $ is surjective, we say that ($,-B) is a quantum subgroup 
of A. If there is no confusion about the "embedding" $, we will simply say 
that S is a quantum subgroup of A. 

If $ : A ^ i? is a morphism of quantum groups, then K = ker($) is a 
Hopf ideal of A. That is, is a closed two-sided ideal with the property 
A{K) C {K ® A) ® {A® K). Conversely, if if is a Hopf ideal of A, then 
A descends to a coproduct on A/K. One can show that A{A/K){1 ® A/ K) 
and {A/K 1)A{A/K) are both total in A/K (g) A/K, so that A/K is & 
quantum subgroup of A. |Pil] 

We now define unitary representations of compact quantum groups. We 
use the same symbol (, ) for the inner product on a Hilbert space Ti, and the 
corresponding A-valued inner product {rj ® a,0 ®h) = {rj, 6)h*a onTi® A. 

Definition 2.8 Let A he a compact quantum group. A unitary representa- 
tion of A is a pair {u, 7i) where Ti is a Hilbert space and u : Ti ^ Ti ® A is 
a linear map with the following properties: 

• {u® id)u = {id ® A)u 

• {id ® A)u{H) is total inTi® A 

• For all C,,ri E H , we have {u{^), u{ri)) = r/)!^- 



(j) * a 

a * (p 
(p * ip 



{id ® (p)Aa 
{(p ® id)Aa 
{(p®i))A 
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In the literature a unitary representation of a compact quantum group is 
typically defined as a pair {u^Ti) where u G M{K,{l-i) ® A) is unitary with 
the property {id ® A)u = U(i2)U(i3). Here, M denotes the multiplier algebra 
and (a ® &)(i3) = a ® 1 ® b (and similarly for U(i2))- We have a natural map 
M(/C(7i) (g) A) ^ B{H) ® A, so if u is representation in this latter sense, we 
can view u as a mapping u : H ^ Ahj u{^) = (S> 1). One can check 
that this map has the properties described above, and every such mapping 
arises in this way |Pilj . We prefer the above definition because it makes a 
representation look like a left action, which we define in 12.151 

Definition 2.9 Let u : H ^ H A and v : K, ^ KL ® A he two unitary 
representations of A. Let T G B(T-C,}C). We say T intertwines u and v if 
one has {T®id)u = voT. Two unitary representations are called equivalent 
if there is a unitary operator that intertwines them. 

A representation {u, Ti) is called irreducible if there is no proper projec- 
tion P G BiTi) that intertwines u with itself (that is, u has no invariant 
subspaces). The collection of all irreducible unitary representations of A up 
to equivalance is denoted A. 

Again, we can define convolutions. Let (m, Ti) be a unitary representation 
of A. Let ^ G 7^, let G A\ and let ^ G W . We have 

* ^ = {id(^ g n 

^ * ^ = o id)u{i) G A 

Again, all associative laws hold. \i A = C{G) is the algebra of continuous 
functions on an ordinary group, and 5g G A' is evaluation at (7 G G, then 5g*^ 
is just Ug{^). For this reason, we will often use the notation ^^(O = 4> * ^ 
Similarly, ii ETi' we will often write ,pu{C,) for ^ *■?/;. 

It is known that every unitary representation of a compact quantum group 
decomposes into a direct sum of irreducible representations. Furthermore, 
all of the irreducible representations are finite dimensional [Wolj [Maej . For 
each (3 E A, choose an orthonormal basis ei,...,e„ for the Hilbert space 
Hj3 on which A acts. Define elements u^^ of A by the formula P{ej) = 

SfcCfc (8) u^j. Then the collection of {wfj} as /5 runs through all irreducible 
unitary representations of A forms an algebraic linear basis for A; that is, 
every element of A can be written uniquely as a finite linear combination of 
the • |Wol] . The decomposition of arbitrary unitary representations into 
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irreducibles means that for any unitary representation u : Ti. ^ Ti. A of A 
on a Hilbert space 7i, we can find a basis {e^j} where /5 runs through the 
irreducible representations, j is an index from 1, dimHp, and / is an index 
from 1, multp{l-L), and the action of A is then given by u{e^j) = T^k^^^^^u^^ 
[Maej ■ The proof uses heavily the basis {pf^} of A! dual to {u^j], as well 

as the functionals = ^kPkk- ^i^^ these functional for a similar 
argument below in I2.16[ 

Our main use for this decomposition is in proving the following proposi- 
tion. In the case where the representation is the regular representation of A 
on L'^{A), this result is called the strong right invariance of the Haar state 
[Pilj . This statement follows immediately from using the basis described 
above using the fact ^iu^j) = (^j^)* [Wolj . but we give the computation 
since we use this proposition repeatedly throughout this paper. 

Proposition 2.10 Let u : Ti ^ Ti ® A he a unitary representation of a 
compact quantum group A. Let C,,ri E H. We have ® l,u{r])) = {{id ® 
«:)(m(0),^®1). 

Proof: Consider the basis {e^j} described above. We compute: 

{e''j^®l,u{eli)) = {e^j^(^l,J:^el^^uli) 

= {EmC^j^^ K{ulj),eli0l) 

= {{td®K){u{e^j^)),eli0l) 

□ 

A unitary representation u : 7i 7i ® A induces a map u : H —>■ 
n^L^{A). We denote the inner product on T-C^L'^{A) by (■, ■) to distinguish 
it from the A- valued inner product onTi.® A. We can reinterpret the above 
proposition as: 

Corollary 2. II Letu : 7i —>■ Ti^A be a unitary representation of a compact 
quantum group A. Consider the corresponding map u : Ti. ^ 1-L®L'^{A). It's 
adjomt ■.n®L^{A) is given on the dense set TC^ A by u\^® a) = 

{id0h){[{id0K)u{^)]{l0a)) . In other words = {id®hom){[{idi^K)u]0id) . 
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Proof: Let ^,1] E H and let a E A. We denote by (pa € A' the linear 
functional 4>aib) = h{ba). We compute: 

{u^i^0a),ri) = ((e®a),M(r/)) 

= 0,((e®l,u(r7))) 

= h{{[{id® K)u{^)]{l0a),ri®l)) 
= {{id®h){[{id® K)u{^)]{l(^a)),r]). 

□ 

Note: We will frequently abuse notation and write : Ti ® A Ti oi 
'.Ti® A ^ Ti since A and A map naturally into L'^{A). 
We end with two computational lemmas that will greatly simplify calcu- 
lations later on. 

Lemma 2.12 Let u : Ti. Ti^A be a unitary representation of A. Consider 
the corresponding mapping u : Ti ^ Ti ® L'^{A) as well as its adjoint : 
H ® L'^{A) n. Then ou = idn- 

Proof: We saw in Corollary 12.111 that = {id h o rr\){[{id k)u] ® id). 
Let ^ G 7Y. We compute: 

u\u{^)) = {idiS)hovn){{idiS) K0id){uiS)id){u{^))) 
= {id ho m){{idiS) K (g) id){id A){u{^))). 

We know that m{K ® id)A = €{-)1a, so that h o m(K ® id)A = e. Inserting 
this into the above calculation gives u^{u{^)) = {id (8> e){u{^)) = C,. □ 

Lemma 2.13 Letu andu^ he as above. Thenuou^ : 1-L®L'^{A) 1-L®L'^{A) 
is given by u o = {u^ (g) id){id (g A) on the dense set Ti A. 
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Proof: u^{^®a) = (irf® h)([(irf(g) Oa)) = {id®h){{l(g) K-^a)u{C)), 

so that 

u{u'^{^®a)) = {id®id(g)h){{l®l0K~^a){u0id)u{^)) 
= {id O i(i (g) h)((l O 1 (g) K'^a){id O A)m(O) 

= (irf^K® h)((l® A(/t"^a))M(0i3) 

= {id®K® h)((l (g) 'i?(/t"^ (g) K'^)Aa)u{^)i3) 

= (zd (g h ® k)((1 (g (k^^ ® /s:"^)Aa)M(0i2) 

= (irf (g h (g id){{[{id (g ® 1)(1 ® Aa)) 

= {u^ 0id){^® Aa). 

In the fourth hne, we have used the fact that A o k, = d{ti (g k)A, where 
■t? : A (g A ^ A (g v4 is the flip map. □ 

2.4 Actions of Algebraic Quantum Groups 

We begin with the definition of an action of a compact quantum group on a 
C*-algebra. See [Po] . 

Definition 2.14 Let A he a compact quantum group, and let B he a C*- 
algehra. An action of A on B is a C* -homomorphism a : B ^ B ® A such 
that 

• (a (g id)a = {id (g A)a, and 

• {id (g A)a{B) is total in B ® A. 

When a : B ^ B ® A is an action of A on a C*-algehra B, we will call B 
an A-module algehra. 

Remark. The above is actually a definition for a left action of A on a C*- 
algebra. Until we come to Section 5, we will have no need for right actions 
of A, so we omit the adjective "left" until that time. 

This choice of nominclature stresses that we are really viewing A to be 
the set of functions on some imaginary space with a group structure. In the 
literature for Hopf algebras, what we call a left action of the quantum group 
A is typically called a right coaction of the Hopf algebra A. 
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We will use actions of quantum groups on C*-algebras extensively in this 
paper, but we will also have need of actions of A on order unit spaces. There 
is a difficulty here, because an order unit space need not be complete in its 
order norm. 

A way around this difficulty is by working with algebraic quantum groups 
(of compact type). The definition of an algebraic quantum group is essen- 
tially the same as the definition for a compact quantum group, except that 
tensor products all become algebraic, and no *-structure is assumed. For 
our purposes, it is sufficient to think of an algebraic quantum group as just 
being the polynomial subalgebra of a compact quantum group. See |Be2] for 
a more complete description. Using algebraic tensor products, we can give 
the definition of an action of an algebraic quantum group on a general vector 
space, and prove the basic structure theorem for such actions. 

Definition 2.15 Let A be an algebraic quantum group, and let V be a vector 
space. A action of A on V is a linear map a : V ^ V ® A such that: 

• (a (S) id)a = {id A)a;, and 

• {id (g) A)a{V) spans V A. 

Remark. If a : B B ^ A is an action of a compact quantum group on a 
C*-algebra B as defined above, the argument of jPoj shows that there is a 
dense subalgebra of i? so that the restriction a : B ^ B ^ A is an action 
of the algebraic quantum group A. Furthermore, since B is dense, one can 
recover the full action a : B ^ B (E) A from the restriction of a to B. 

We now prove the basic structure theorem for actions of algebraic quan- 
tum groups on vector spaces. The proof is almost verbatim from the corre- 
sponding result for actions of compact quantum groups on C*-algebras [Po] . 
We include it for completeness. 

If a : V ^ V ® A is an action of an algebraic quantum group, we say a 
linear subspace Y (IV corresponds to z/ G .4. if dim(y) = dim(z/) and there is 
a basis ei, ...e„ for Y such that a{ei) = T.jCj^u'^i for alH = 1, n. We write 
Vu for the sum (not direct) of subspaces Y C V that correspond to u E A. 
We call Viy the isotypic component of V corresponding to z/. By the definition 
we have a(V^) G V <^ Av From the action property {a ® id)a = {id ® A)a 
we see that in fact a{V^) <ZV^^ Ay. 
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Consider the algebraic linear basis {Pij} of A' that is dual to {m^}. We 
let p'^ = T^ip'^-. We now show that {id ® p'^)a is an idempotent map from V 
onto Vu, and we use this to describe the structure of a general action of A. 

Theorem 2.16 Let a : V ^ V ® A he an action of an algebraic quantum 
group of compact type on a vector space V . For v E A, let E'^ : V V be 
the projection E'^ = {id® p'^)a. Let be the range of E'^ . Then 

• We have V = ®^^^Wr 

• For each u E A there exists a set ly and vector subspaces for each 
i E ly such that 

— corresponds to v for each i E ly. 

• Each subspace Y C V corresponding to v is contained in . 

• The cardinal number of the set ly is independent of the choice of the 

Proof: 

Define operators E'^^ : V V hj E'^^ = (z(i®p^Ja;. The linear functionals 
have the properties: 

Pst * Pmn = S^^StmPsn, and 

Pst(^) = h(a;^^a), for some x^^'s that span A. (Wolj 
We compute: 

= [i^d®p:,)a][{^d®pU<y] 
= {id ® ® p^„) {a id)a 
= (2rf®p:,®p^J(2rf® A)a 

In particular, {E^^ \ u E A, s = 1, dim(z/)} is a collection of disjoint idem- 
potents in B{V). Also we have 

span{E'^^{y) \ u E A; s,t = 1, dim(z/); y E V} = 

span{{id h){id x'^^)a{y) \ u E A; s,t = 1, dim(z/); y E V} = 

span{{id ® h){id ® a)a{y) \ a E A,y eV} = 

{id®\^){V®A) = V. 
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Let W'' = E^^{V), and let W = 0^ W''. We have E^^iV) = {E^^E^^){V) C 
W'', so that 

which was our first claim. 

To estabhsh the second claim, first notice that E^iE^g = E^^ and Ei^E^^ = 
E^^, so that E^i : W^'^ — > W^'^ is a linear isomorphism. Pick any basis 
{e^i}iei, for W'''\ and let = ^^.^(e,^). Then {e,^}iej,, is a basis for 1^^'^ 
Finally, define = span{e\g | s = 1, dim(i/)}. Then we have 

which is half of the second claim. 

Next we compute a(ej'^) = a^E^^e'^g) = a{id ® p^g)Q;(eJ'g) = {id ® id ® 
pQ{a ® id)a{e^,) = {id id ® p^,)(irf ® A)«(ej;) = {id ® E^g)a{eQ. That 
is, we have a(ej'^) & V <^ span{u'<g \ j = 1, dim(z/)}. Now we can write 
a{e^g) — T,jyj (8) u'^g for some yj e Applying (id p^^) to both sides we 
obtain yk = -^^^(ej'^) = e'^^, so that a(ej''^) = SfcCj^^ m^^. Therefore each of 
the subspaces correspond to u. This finishes the second claim. 

For the third claim, let Ci, .... edijn(j^) be a basis for a subspacc Y C V that 
corresponds to u & A, so that a{es) = S^Cj ® m^^. We have £'^j^(ei) = e^, so 
that = -Err(er) e W^''''' ^ W. This proves the third claim. Also, it shows 
each decomposition of can be obtained in the way described in the proof 
of the second claim, which proves the last claim as well. 

□ 

We can now define an action of a compact quantum group on an order 
unit space. Since order unit spaces need not be complete in the order norm, 
it is more natural to work at the algebraic level. 

Definition 2.17 Let A be a compact quantum group, and let A be its poly- 
nomial subalgebra. Let V be an order unit space. A action of A on V is a 
positive unital map a :V ® A such that 

• {a® id)a = {id ® A)a, and 

• {id A)a{V) spans V ® A. 

IfV is an order unit space and a : V ^ V <S> A is an action of A on V , then 
we call V an ordered A-module. 
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Finally, we must define an ergodic action, li a : V V ^ A is an action 
of ^ on a vector space V, we say v E V is fixed by A if a{v) = v ^1a- Since 
an action of A on an order unit space is defined to be unital, we have that 
the order unit ey is always fixed by A. an action a : V —>■ V ^ A is called 
ergodic if f G is fixed if and only if f G Cey- 

Note that if a : V V ® A is any action and v & V, then the vector 
ah{v) E V is always fixed by A, where h G S{A) is the Haar state of A. In 
particular, if a is an ergodic action on an order unit space, then ah{v) is a 
scalar multiple of ey for any v E V. 

This brings us to the major distinction between actions of A on order unit 
spaces versus actions on C*-algebras. Namely, there is a theorem of Boca that 
states if B is an ergodic A-module algebra, then the isotypic components of 
B are finite dimensional [Bo] . It is not clear whether this result holds for 
actions on order unit spaces. 

2.5 Lip-norms From Actions of Quantum Groups 

In Section eight of [Li], Li discusses how to produce Lip-norms on ergodic 
modules of compact quantum groups. There, he works with actions of quan- 
tum groups on C*-algebras, but most of his arguments work equally well for 
actions on order unit spaces. We recall his results here, suitably adapted to 
our context, and we at least sketch the proofs. 

We also show in this section that at least at the abstract level, one can 
construct Lip-norms on compact quantum groups using an analog of length 
functions as in |Re2j . We won't need this result for the rest of the paper. 
In fact, it's not totally clear how to produce length functions generally on 
compact quantum groups. That being said, the results show that there is a 
nice similarity between the case of classical groups and our current scenario. 

We begin with a brief review of Lip-norms coming from actions of compact 
quantum groups. Recall that in our definition of a Lip-norm, a Lip-norm is 
a seminorm only defined for self-adjoint elements. As in Li's paper, the 
essential property we must have for a Lip norm on A is that it be finite on 
A. Li calls such Lip-norms regular. The existance of regular Lip-norms is 
insured by the fact that A has a countable algebraic basis {wfj}- A Lip- norm 
La on A is called right-invariant if La{iI^ * a) < I/^(a) for any ip G S{A) and 
any a E A which is self adjoint. In the case where B is a C*-algebra, the 
following is Theorem 1.4 of |Lij. 
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Proposition 2.18 Let La be a regular Lip-norm on a compact quantum 
group A, and let A be the polynomial subalgebra of A. Let (3 : B ^ B ® A be 
an ergodic action of A on an order unit space B which has finite dimensional 
isotypic components. Define Lb on Bga by 

Lsih) = sup La{ ^P{b)). 

^(>eS{B) 

Then Lb is a Lip-norm on B. Moreover, if the given Lip-norm La is right- 
invariant, then Lb is invariant, meaning LB{(3ip{b)) < LB^b) for any (p G 
S{A) and any b G Bga- 

We will refer to Lb as the Lip-norm on B induced by La- Unlike the case 
where 5 is a C*-algebra, the Lip-norm described above will actually be finite- 
valued. This is because we defined actions on order unit spaces only at the 
algebraic level. 

As usual when working with Lip-norms, we denote B/<C1 by B, the quo- 
tient norm on i? by 1 1 ■ 1 1"", and the image of b E B in B hj b. 

Lemma 2.19 Let B be an ergodic ordered A-module. For the seminorm 
defined as in \2.18\ we have \\b\\^ < 2rALB{b) for any b G Bga, where ta is 
the radius of La- 

Proof: A quick check using Proposition 12.61 and the triangle inequality gives 
that for a G A we have \ \a — h(a)l^|| < 2r^L^(a). Applying this inequality 
to b*ip for arbitrary -0 G S{B) and using that /3h(&) is a scalar (by ergodicity) 
gives the desired result. □ 

Let iS C A be finite. We denote by Bs the direct sum of the i/-isotypic 
components of B for all z/ G iS, and similarly for Ag. The proof of the next 
lemma is tough to summarize. Since the statement just involves A (and not 
our order unit space 5), we simply refer the reader to Lemma 8.6 of [LiJ for 
the proof. 

Lemma 2.20 Assume that A is coamenable. For any 5 > and (p G S{A) 
there exist cf) G S{A) and a finite subset S A such that cf) vanishes on A^ 
for all J E A\S and 

|(y.-0)(a)| <5L^(a) 

for all a G Aga- 
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The following lemma will allow us to prove I2.18[ Also, it will be a key 
tool for us later on. 

Lemma 2.21 Let B he an ergodic ordered A-module, and suppose A is coa- 
menable. Let 6 > be given. Then there exists a finite S A and acf) E S{A) 
with the following properties: 

• mm < \\h\\ forallbeBsa, 

• MB) C Bs, 

• \\b-[3^m <6LB{b)forallbeB,a. 
Furthermore, and S can be chosen independent of B. 

Proof: Use the previous lemma with the same 6 and with (p = e, the counit. 
Consider the (j) e S{A) obtained by the lemma. Since is a state, the first 
result is clear. For any 7 G A we have (3{B^) <Z B^ ® A^. Since (p vanishes 
on A^ for 7 ^ 5, we must have (3^{B) C Bs- The last result is a simple 
calculation using the previous lemma and the fact that (3i.{h) = b. □ 

We can now prove Proposition 12.181 
Proof: 

We use Proposition [2l6l Again, since we are really using algebraic actions 
of the algebraic quantum group A, it is clear that Ls^b) is finite for any b E B, 
since any b will lie in some finite sum of isotypic components, and because 
the isotypic components themselves are assumed finite dimensional. Clearly 
Lb vanishes exactly on Cl^- By Lemma 12.191 we have || ■ ||'~" < 2rALB, so 
that the Lb unit ball of i? is a bounded set in the quotient norm. For any 
5 > let and S be as in Lemma 12.211 Then the image of the L^-unit 
ball of B under is a bounded set in the finite dimensional space Bs, so 
is totally bounded. As 5 > was arbitrary, the L^-unit ball of B is totally 
bounded also, which verifies the condition of Proposition 12. 6[ 

□ 

This finishes the summary of Li's results that will be needed in this paper. 
For future reference, we include a discussion on length-functions for compact 
quantum groups, and how they can be used to give left-invariant Lip-norms. 
We begin by recalling the definition for regular groups. 

Let G be an ordinary group. A length function / G C{G) is a function 
with the following properties: 
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• K^) — 0) with equality if and only if x = e. 

• l{x) = l{x~^) for all X e G. 

• K^y) — K^) + Ky) fo^ x,y e g. 

If (vr, M) is an ergodic G-module, we have a Lip-norm on M given by 



Motivated by this, we give the following definition for a length function 
on a compact quantum group. 

Definition 2.22 Let A be a compact quantum group. A length function on 
A is an element I G A such that: 

• l>0, and yu(/) = for fi e S{A) iff n = e. 

• {jj,* v){l) < + v{l) for all /i, z/ G S{A). 

Note that by convexity it suffices to check these conditions for pure states. 
In particular, length functions on ordinary groups satisfy the conditions of 
this definition. Also, we do not assume an analog of the condition l{x) = 
l{x~^). For ordinary groups, this condition is imposed to make the metric 
Pi{x, y) = l{x'^y) symmetric, but it is actually not needed to get a Lip-norm 
on C{G). This is especially convenient in the quantum group case. The 
natural condition would be that / = but k generally doesn't extend to 
all of A. Taking / G A won't work in general, since for A cocommutative no 
element of A can satisfy the first condition (this follows from Peter- Weyl) . 

Theorem 2.23 Let A be a compact quantum group, and let I E A be a 

length function on A. Let (vr, M) be a ergodic ordered A-module with finite 
dimensional isotypic components. Consider the seminorm on M given by: 



Then L is a Lip-norm on M. Moreover, if one obtains a Lip-norm La on A 
by means of this formula, then the Lip-norm on M is the same as the one 
given in Proposition \2.18l Also, the Lip-norm La is left-invariant. 
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As before, we note that it suffices to take the supremum over pure states. 
We note that even though the seminorm constructed here agrees with the 
one in Proposition 12.181 it is not sufficient to consider the case of the regular 
module A. Since A is not assumed to be coamenable, one cannot appeal to 
Li's result. 

Lemma 2.24 Let A be a compact quantum group with length function I and 
let (tt, M) be an ergodic ordered A-module. Consider the seminorm L given 
above. The state space S{M) has radius at most h(/) for L. 



Proof: Since vr is an ergodic action, we have a conditional expectation 
E' : M — i> Ccm by E{m) = 7rh{m). By identifying Ccm with the scalars, we 
can view E as a. state on M. Let (p G S{M). Then 0(7rh(m)) = 7rh(m). Thus 
|0(m) — E{m)\ = \(j){m — 7rh(m))| < ||m — 7rh(m)|| < L{m)h{l). This shows 
the radius of S{M) is at most h(Z). □ 

The following is an analog of Lemma 2.5 from |Re2] . 

Lemma 2.25 Let ^ & A' be a linear functional of the form fi{a) = h{ab), 
some b & A. Then the operator tt^ : M ^ M is compact. 

Proof: Initially take b & A. Then ^ is a finite linear combination of the 
p]j. Also we have a projection E^ : M My by E^{m) = *m. Note that 
p"' * pjj = pjj. Thus E'^ {ti pi {m)) = iTpj^pt (m) = 7r„7 (m); that is, the image of 
7r„7 is contained in My. Since we've assumed that is finite dimensional, 
we have tt^t is finite rank for each p]j. Thus vr^ is finite rank whenever b & A. 
If b is an arbitrary element of A and if is a sequence in A such that 
lim„_^oo bn = b, then for the corresponding /i„ we have 

||7r^„(m) -7r^(m)|| = \\{id (g) h)[a{m){lM ^ (b^ - b))]\\ 

< ||a(m)|| ||(1m® (&n-&))|| 

< ll^n-fe|| 

SO that vr^^^ vr^ in norm as n — > cx). Thus vr^ is compact for any p of the 
form p{a) = h(a6). □ 
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Remark. The assumption on the form of /i actually says that /i is an element 
of the dual quantum group of A, which is a quantum group of discrete type. 



We can now prove Theorem I2.23[ 

Proof: We verify that the ball Bi = {m : ||m|| < 1 and L(m) < 1} is totally 
bounded. Let 6 > 0. Think of / as a weak* continuous function on S{A) by 
= <p{l). We have l{e) = 0. 
Let 7, /5 G v4 be arbitrary. By equations 5.35 and 5.36 of [Wolj . the linear 
functionals p"^ considered before are of the form stipulated in the previous 
lemma, and they have the property that 

(This is just a rewording of things we've said before.) The counit is given by 

{id®£)u'^ = Ib(Hp)- 

Let J^{A) be the set of all finite subsets of A, ordered by inclusion. Let 
S G J^{A), and let /i^ = S^g^p"^. Then p^ is of the form considered in the 
previous lemma, and the collection {iJ^s} s£r{A) increasing net of positive 
linear functionals on A. By the formulae above, this net converges weak* to 
the counit on the polynomial subalgebra A. We also see that each element 
of this net is bounded above by S] in particular, these linear functionals are 
uniformly bounded in norm. Therefore they actually converge weak* to the 
counit on all of A, and we can find a ns such that /(p^) = jJ'siP) < ^ 1'^- 

By the lemma, vr^^j is compact, so that 7r^g(;Bi) is totally bounded and 
can be covered by finitely many balls of radius 5/2. For any m G i3i we have 
||m — 7r^_5(m)|| < L{m)fj,s{l) < S/2. Thus Bi can be covered by finitely many 
balls of radius 6. This proves that L is a Lip-norm. 

Next we check that L is the same Lip-norm on M as the one constructed 
by Li. We have 



Lyi(a) = sup 



|A^(a) - a\ 



It's clear from the form of La and L that we will have L(m) = sup^g^j-^) L^lm* 
if) as long as we have ||m|| = sup^g_5(j,,f) | |m * | for all m G Mga- One way 
to see this equality is to use the fact that the set of convex combinations 
{T^iCiifi ^ fii : Ci > 0, TiCi = 1; V9 G S{M), fii G S{A)} is dense in S{M A). 
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(This follows from the Schmidt decomposition from physics). Thus we have: 

sup ||m*y9|| = sup \fi{m*{p)\ 

veS(M) <feS(M),fieSiA) 

= sup \T.iCifii{m * (pi)\ 

= sup \ip{n{m))\ = ||7r(m)||. 

Thus we just need to show that ||m|| = ||7r(m)||. Since vr is positive and 
unital, we have ||7r(m)|| < ||m||. The other inequality follows from {id ® 
£)(7r(m)) = m. 

Finally, applying this last result to the regular module, we have that 
is induced from when A is viewed as an ergodic ordered A-module. This 
says exactly that is left-invariant in the sense of [Li]. □ 

It would be interesting to find conditions on the length function / that 
would insure that La is also right-invariant, which would give that L is 
invariant for any ergodic module (vr, M). For ordinary length functions, the 
correct condition is l{x~^yx) = l{y)- To find the corresponding condition in 
the quantum group case one needs to determine how to solve the equation 
^*u = i'*ujioTuj where /i, and uj are (pure) states of A. 

We also note that given a right action of A on an order unit space a : N ^ 
A® N with finite dimensional isotypic components, then a length function 
/ G A will also induce a Lip-norm on N . In particular, we have a Lip-norm 
on A given by 

L'^ia) = sup ^^A^^^ ^ 

which is right-invariant. 

2.6 Berezin Quantization of Coadjoint Orbits 

In this section we quickly review the Berezin Quantization of coadjoint orbits 
of compact Lie groups. We give no proofs, since we will begin proving analogs 
of these results for compact quantum groups in Section 4. We include this 
material so that one can compare our later results with the case of an ordinary 
compact group. For more details, see |Re3j . 

Let G be a compact group, and let {U, 7i) be an irreducible unitary rep- 
resentation of G. Then there is an ergodic action a of G on BiTi) by con- 
jugation. Let P G B{T-C) be a rank 1 projection. Then we can define the 
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Berezin covariant symbol with respect to P as a map a : BiTi) C{G) by 
the formula: 



T G B{n),xe G. 



Let H < G he the stabilizer of P under the action a. Then a can be viewed 
as a map a : B{T-C) — > G{G/H). It is positive unital, and it intertwines the 
action a with the left translation action of G on G{G/H). 

If we consider the Hilbert-Schmidt inner product on -B(7i) with normal- 
ized trace, and the normalized G-invariant measure on G/H, then we can ask 
what is the adjoint of the map a : B{T-l) L'^{G/H). A simple computation 
gives the formula: 



where dy, is the dimension of 7i. 

Finally, the composition aoa : G{G/H) G{G/H) is called the Berezin 
transform. It is given explicitly by 



where hp{x) = dytr^PaxiP))- |Re3j it was noted that since hp{x) = 
hp{x~^), the expression on the right hand side above is just the convolution 
product of the functions / and hp. However, for our purposes below, we will 
find it necessary to view things in terms of the measure hp{y) dy. The right 
hand side above becomes [{id^hp)Af]{x), so using the notion of convolution 
for linear functionals on quantum groups above, we see that (u o a)(/) = 
hp * f, where we view hp as a linear functional on G{G). 

That is the story of the Berezin Symbol, it's adjoint, and the Berezin 
Transform for coadjoint orbits of compact groups. To get a quantization of 
G{G/H) we need a sequence of maps <t" : G{G/H) Bin""). For Rieffel's 
condition [Lan] for strict quantizations to hold, we must have the dimen- 
sions of the Hilbert spaces Ti^ tending to infinity. If we are to use Berezin's 
maps for the quantizations, we must find rank one projections in each BiliT') 
which have the same stabilizer H < G. This can be accomplished by taking 
Ti^ = and P" = P®". However, there is a difficulty here since the 

representation (f/*®", 7-^*^") is not irreducible. 




G/H 



f G L\G/H), 
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There is a way around this problem for Lie groups. If G is a semisimple 
Lie group, then we can choose P G BiH) to be the projection corresponding 
to a highest weight vector ^. If ^ has weight u, then it is known that the 
representation of G on the cyclic subspace generated by G TC'^"' is an 
irreducible representation of G with highest weight vector and highest 
weight nuj. We then take to be the cyclic subspace of 7i®" generated by 
and we take P" = P®" G B{m) C P(H®"). We now have a sequence 
of irreducible representations of G, with a sequence of rank one projections 
that each have stabilizer H < G. Furthermore, it is known that the stabilizer 
of P is the same as the stabilizer of u under the coadjoint action, so that 
C{G/H) is actually a coadjoint orbit of G. 

Now we can consider the collection of maps cr" : C{G/H) P(7Y"). If 
we let h = 1/n, it can be shown that this collection of maps actually creates 
a strict quantization of the C*-algebra C{G/H), and this construction is 
the Berezin quantization of a coadjoint orbit. In [Re3] . Rieffel constructs 
a sequence of G-invariant Lip-norms L„ on B{H"'), such that {B{H"'),Ln) 
converges to C{G/H) with its usual G- invariant metric in quantum Gromov- 
Hausdorff distance. 

3 Stabilizers of Quantum Group Actions 

Orbits and stabilizers are absolutely fundamental in the study of group ac- 
tions. However, the definitions of both strongly involve appealing to the 
points of the group as a set. For actions of quantum groups, it's not entirely 
clear what orbits and stabilizers should be, because one cannot really appeal 
to the points in "the underlying group." Futhermore, orbits and stabilizers 
have hardly been discussed at all in the literature. We have no need for 
orbits in this paper, but a notion of a stabilizer will be essential. There are 
two natural definitions that can be used, depending on whether one wants 
to view the stabilizer as a compact quantum subgroup, or as a set of points 
that fix the given element. We give the definitions here. Let u : Ti. —>■ Ti. ® A 
be a unitary representation of compact quantum group A on a Hilbert space 
H. We consider the category of pointed vector spaces. That is, the category 
of pairs (P, 1^) such that 1^ G P is a distinguished nonzero vector which we 
call the unit of P, and morphisms being unit preserving linear maps. 

Definition 3.1 Let ^ G 7i. Let U : A ^ B be a surjective morphism in 
some subcategory of the category of pointed vector spaces. We say that U 
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stabilizes ^ if {id ^ Il){u{^)) = ^ ® 1^- // there is no confusion about the 
quotient map, we will say B stabilizes ^. 

Definition 3.2 Let u, H, C,, and A be as above. The quantum group stabilizer 
of ^ is the universal quantum subgroup of A that stabilizes ^. 

Definition 3.3 Let M,7i, ^, and A be as above. The state stabilizer of is 
the universal quotient order unit space of A that stabilizes ^. 

As for the nominclature in the last definition, we will see in Proposition 13.151 
that via 11 the state space of the state stabilizer of ^ can be identified with 
{(f e S{A) I u^{^) = Note also that the quantum group stabilizer of ^ is 
a quotient of the state stabilizer (as an order unit space). 

Although it is clear that the set of quantum group morphisms U : A ^ B 
form the objects of a category (whose morphisms are commutative diagrams), 
it is not obvious that there exists a universal object. Similarly for the set of 
positive unital maps. In the following subsections we will prove the existance 
of the quantum group stabilizer and state stabilizer. 

Both the quantum group stabilizer and the state stabilizer of ^ have 
properties that resemble the usual properties for stabilizers. It turns out for 
the purposes of this paper, the state stabilizer gives the results we desire. This 
shouldn't be surprising, since order unit spaces are the appropriate category 
to consider for quantum Gromov-Hausdorfff distance. However, quantum 
group stabilizers will likely be important for other purposes, so we develop a 
few of their properties here. 

3.1 General Results 

Let (m, 7i) be a unitary representation of A, and let ^ ETi. In this section we 
show that in a wide variety of categories, a universal morphism 11 : A ^ B 
stabilizing ^ exists. In the following lemma, B is an object in the category 
of pointed vector spaces. 

Lemma 3.4 Let C A be the set = {{u{^) , r] 1 a) - {^,v)'^a h e 7^}. 
Let U : A ^ B be a linear, unital map. Then U : A B stabilizes ^ if and 
only if C ker{I\). 

Proof: Suppose that 11 : A ^ B stabilizes ^. We have {id ® 11) (m(,^)) = 
^ ® Ib- Take rj E H, and apply {{-^ri) (g) id) to both sides. We obtain 
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n((M(^),?7®lA)) = {C,v)^B- Since 11 is linear and unital, n((ti(^), r^® 1^)) — 
(^,77) 1a) = 0, so (('u(^), r]®!^)) — r])!^) G A;er(n). The converse is similar. 

□ 

It's important to notice that the set JT"^ is more than just a linear subspace 
of A. It is a 2-sided coideal. The following proposition is similar to Lemma 
5.4 from [Ju]. It will make the computation of quantum group stabilizers 
much easier later. 

Proposition 3.5 The set given above is a two-sided coideal of A. That 
IS, we have A{J^) C {J^ ® A) © (A ® J^) . 

Proof: It's actually a little easier to work with elements of n~^{J'^) rather 
than elements of itself. Since u is unitary, a generic element of k~^(J7^) is 
given by ((^ ® Ia,u{v))) ~ {^yV)^A)- We compute: 

A((e® - {^,r])lA) = {^®lA®lA,{u^id)u{r])) - {^,r]){lA®lA) 

= {((e ® Ia, ui-)) - (e, ® id}{uir])) + U ® ((e ® U, u{r])) - r])^) 
e {k-\J^)^A)®{A(^k-\J^)) 

Of course, this is all done for k^^{J'^). But we have A o k = '^[k (g) k.)A, 
where 1? : A® A ^ A^ A is the Rip map. Thus A{Ji:) C {J^ (^A)®{A® J^) 
as well. □ 

Since we will usually be working with positive unital maps, we will not 
need to consider the entire set J7^. In fact, for a positive unital map 11 : A — »• 
B, it suffices to check the value of 11 on a single element. 

Proposition 3.6 Suppose that B is a normed space and that Tl : A B is 
a norm nonincreasing unital map. Let & A he the element = {u{^),^ 
1a)- ThenH stabilizes^ if and only z/n(cr^) = 11^1^1^. 

Proof: 

Since u is unitary we have | I P = 1 1^1 Since 11 is norm nonincreasing, 
we have 

O n)M(0|P < II^IP. But U{a^) = H^I^Ib says exactly that {{id® 
n)M(O)^ ® 1_b) = ll^lplfi. Thus the Cauchy-Schwarz inequality gives {id® 
Il)u{C,) = ^ ®)1b, so U stabilizes C,- Conversely, if 11 stabilizes ^ then n(crg — 
||^|P1a) = since (a^ - 1 1^| ^i^) g 

□ 
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Remark. The notation is chosen here dehberately to match the notation 
for the Berezin symbol used later. 

We want to show that the quantum group stabilizer and the state sta- 
bilizer of ^ both exist. A quotient map A A/K of a compact quantum 
group A is a map of quantum groups if and only if the kernel K is a Hopf 
ideal. Similarly, a quotient map A A/K of an order unit space is a map 
of order unit spaces if and only if the kernel K is an order ideal. Both Hopf 
ideals and order ideals have the property that the intersection of an arbitrary 
family of Hopf ideals (order ideals) is a Hopf ideal (order ideal) . Thus there 
exists a minimal Hopf ideal (order ideal) generated by the set above. This 
reasoning and Lemma 13.51 above immediately give the following: 

Theorem 3.7 Let u : Ti ^ Ti® A he a unitary representation of a compact 
quantum group A, and let ETi. The quantum group stabilizer of ^ and the 
state stabilizer of ^ both exist. 

Let J^ = {{u{i),ri®lA) - {i,r])lA\r] eU}. Let H^J/.) be the Hopf ideal 
generated by J^, and let 0{J^ be the order ideal generated by J^. Then we 
have: 

a) The natural map A —>■ A/H{J^) is the quantum stabilizer of ^. 

b) The natural map A —>■ A/0{J^ is the state stabilizer of S,. 

This theorem gives us an abstract realization of the state stabilizer and 
the quantum group stabilizer. However, in practice it is quite difficult to 
understand what is the order ideal or the Hopf ideal generated by some 
subset of A. In the next two sections, we will find more concrete versions. 

Remark. Consider an arbitrary subcategory of the category of pointed vec- 
tor spaces. This argument shows that a universal morphism Tl : A B 
stabilizing ^ exists if the subcategory has the property that the intersection 
of any arbitrary collection of kernels is a kernel. 

3.2 Quantum Group Stabilizers 

For purposes of quantum Gromov-Hausdorff distance, the most elementary 
category to work in is that of order unit spaces. So for the purposes of this 
paper the state stabilizer is more useful than the quantum group stabilizer. 
However, the quantum group stabilizer is technically simpler to work with, so 



36 



it is good to start with. It also has many nice properties, so we record them 
here for future use. Throughout this section u : Ti ^ 7i ® A is a, unitary 
representation, and ^ is a distinguished vector in Ti. 

First, we compute the quantum group stabihzers for A commutative or 
cocommutative. 

Example. Let {U, Ti) be a unitary representation of a compact group G, 
and let A = c\g). Let i e U. View U : H U ® C{G) = C{G 
H). With this view, we have U{i){x) = U^iO- Let U : C{G) ^ B he a 
surjective morphism of quantum groups stabilizing ^. Since H is a surjective 
homomorphism, we have that B is isomorphic to C{H) for some H < G, 
and under this identification the morphism 11 becomes the restriction map 
li^ : G{G) — » C{H). Since C{H) stabilizes ^ we have that U{^)\h{x) = C,; 
that is, = ^ for all y E H. This just says that H < G is contained 

in the the usual stabilizer of ^. 

Let H < G he the usual stabilizer of ^. A similar argument shows that 
the restriction morphism \h ■ G{G) C{H) stabilizes ^. Thus C{H) is the 
quantum group stabilizer of ^. 

Example. Let F be a discrete group, and let A = C*(F) be the full group C*- 
algebra of F. Let u e Mn{A) he an n-dimensional unitary (co)representation. 
All irreducible unitary (co) representations of A are one dimensional, and are 
given by elements of F. Thus we have that u is equivalent to a diagonal 
matrix diag['yi, 72, 7n] for some elements 71, 7„ e F. If ^ G C"', we have 
= Ci7i for i = 1, 

Let n : C*(F) — > 5 be a quantum group morphism stabilizing ^. Up 
to isomorphism, we must have B — C*{V/N) for some normal subgroup 
< F, and 11 becomes the natural map induced from the quotient group 
homomorphism vr : F — > T /N . Since 11 stabilizes we have ^i7r(7j) = ^ier/N- 
Suppose ^ is generic, so that 7^ for all i. Then we have 7r(7j) = ep/Ar for 
all ^ = 1, n. 

Conversely, if we let A"<F be the normal subgroup generated by {71, 7„}, 
then a similar argument gives that the natural map C*(F) — * C*{T /N) sta- 
bilizes ^. So we have G*{T /N) is the quantum group stabilizer of ^. 

We saw before than the quantum group stabilizer of ^ e 7i is given by 
the natural quotient map A — > A/H{J^), where H{J^) is the Hopf ideal 
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generated by a specific subset J^^. We now show that it suffices to compute 
the closed 2- sided ideal generated by J^. 

Lemma 3.8 Let (JT^) he the two-sided ideal generated by J^. Then {J^) is 
a Hopf ideal. 

Proof: Since A : A ^ A is a *-homomorphism, this result follows from 
the Proposition 13.51 □ 

Proposition 3.9 The universal C* -algebra stabilizing is in fact a quantum 
group. In other words, A/ {J^ is the quantum group stabilizer of ^. 

Proof: By the same reasoning as in Theorem 13.7^ we have that the natural 
map A Aj {J^) is the universal map of unital C*-algebras stabilizing ^. 
Since any morphism of quantum groups is in particular a *-homomorphism, it 
follows that the quantum group stabilizer of ^ must be a quotient of A/ {J^). 
By Lemma 13.81 A/ (jTg) is actually a quantum subgroup of A, so it is the 
quantum group stabihzer of ^. □ 



Remark. By Proposition 13. 6[ we have that (j7g) is just the principal ideal 
generated by {a^ - 

Proposition 13.91 makes computing the quantum group stabilizer much eas- 
ier than Theorem 13. 7[ simply because it is much easier to visualize the two- 
sided ideal generated by J'^ rather than the Hopf ideal generated by JT^. 

We check an analog of a simple result from the representation theory of 
ordinary groups. If {U, Ti) is a unitary representation of a group G, then U®"' 
is the diagonal action of G on Ti®"'. If if < G is the stabilizer of some ^ G 
then H will also stabilize G Ti®"'. Of course, if G is not connected, then 
H may not be all of the stabilizer of 

Proposition 3.10 Let {u^Ti) be a unitary representation of a compact quan- 
tum group A, and let ^ G ?i. Let U : A B be the quantum stabilizer of 
^. Consider the unitary representation {u®"',T-C®"') of A. Then U : A ^ B 
stabilizes ^®"'. 



38 



Proof: Denote J = and J„ = J^^n. We must show that J„ is contained 
in the two-sided ideal generated by J for all n G N. This is trivial when 
n = 1. Inductively assume that J„_i is contained in the ideal generated 
by J. A generic element of J„ is of the form {u®^{^®'^), (0"=! ^i) ® 1^) ~ 
(e®", ®ti V^)^A = nLi(u(0, ^li ® Ia) - nr=i(e, But notice 

= {{u{o.r]i ® u) - (e,m))nr=2(w(0,^. ® U) + 

which is in the two-sided ideal generated by J by the induction hypothesis. 

□ 

Finally, we consider quantum coset spaces. They give the simplist ex- 
amples of ergodic actions of compact quantum groups. First, we give the 
definition. 

Definition 3.11 Let A he a compact quantum group, and U : A ^ B be 
a quantum subgroup of A. Then the quantum coset space A^ is the unital 
C*-subalgebra of A given by 

A^ = {a e A \ {11(g) id)A{a) = lj^(g)a}. 

Intuitively, A^ is the set of elements of A invariant under the right action 
{U ^ id)A : A B ^ A of B on A. Since the coproduct also gives a left 
action of A on itself, there should be a remaining left action of A on A^ . 
The following proposition is well known, see |Pilj for example. We omit the 
proof, since we will give a verbatim proof for the corresponding result for 
state stabilizers in Proposition 13.171 

Proposition 3.12 A^ is a right coideal of A. That is, A{A^) C A^ (g) A. 

Since B is actually a quantum group itself, it has its own Haar state h^. 
As in the case for ordinary groups, integrating over B gives us an expectation 
from A onto A^ . The following proposition is stated without proof quite 
often. See [Pil] , |Wa2] for example. We give a proof for completeness. 

Proposition 3.13 Let U : A ^ B be a quantum subgroup of A, and let 
be the Haar state of B. Then there is an expectation E = {hBoIl®id)A : 
A^A"". 
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Proof: It is clear that the map (hgon(8>i(i)A : A Ais completely positive. 
Suppose a G A^ . Then (n®id)Aa = 1^®^, so E{a) = (hB®ic?)(l_B®a) = a- 
Thus the rangle of E contains A^, and E fixes A^. Thus it remains to show 
that E{A) C y4^. Let a & Ahe arbitrary. We compute: 

{U(^id)A{E{a)) = {U® id)A[{hB oU(» id)Aa] 

= {hs oIl(g)Il(g)id){id(g) A)Aa 

= {hs oIl(g)Il(g)id){A(g)id)Aa 

= {[{Ub (S)id)AB oIl](g)id)Aa 

= lB®[{hBoU®td)Aa] = lB®E{a). 

Thus E{a) G A^ for all a e A. □ 
3.3 State Stabilizers 

Consider a unitary representation {U, Ti) of an ordinary group G. For ^ e 
the stabilizer of ^ is defined to be the set = {h E G\Uh{C,) = 0- Typically 
one views as being a subgroup of G, and then one is led to define stabilizers 
for quantum groups as being quantum subgroups, as we did in the previous 
section. However, one could also forget the group structure of G and think 
just in terms of its topology. The the points of G correspond to pure states 
of C{G), and the points of correspond to the pure states /i G S{C{G)) 
such that 



Jg 

With this as motivation, we make the following definition. 

Definition 3.14 Let u : Ti. ^ Ti^A be a unitary representation of a compact 
quantum group A. Let ^ ETi. We denote by the set 



If the vector ^ is understood, we will denote simply by H . 

Because of Proposition \3. IR below, we will often call H^^ the state stabilizer 
of ^. (This was the reason for our choice of the term "state stabilizer" to 
begin with). 
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Clearly is a closed, convex subset of S{A), so it can be recovered from 
its set of extreme points. In particular, for an ordinary group it contains the 
same information as the usual stabilizer. 

Theorem 13.71 above gives us an abstract realization of the state stabilizer 
n : A — * i? as a mapping of order unit spaces. In practice, the order ideal 
generated by a particular set is quite difficult to visualize, much less compute. 
We seek a simpler expression for the state stabilizer. 

Proposition 3.15 Let u : Ti ^ Ti ® A he a unitary representation of A, 
and let ^ E 7i. Let U : A ^ B be the state stabilizer of ^. Then ker{Il) = 
ClipeH^ fcer(0). Furthermore, the pullback of the state space of B by U is H^. 

Proof: Let $ : A — > C be any surjective morphism of order unit spaces 
that stabilizes ^. Let yU G S{C). As a morphism of order unit spaces, $ is 
positive and unital, so that /i o $ g S{A). We have {id ® ^ o <I>)(m(^)) = 
{id ® ii){id ® ^){u{i)) = {id (g) ® Ic) = ^, so yU o $ g ifg. Since we 
consider only Archimedian order unit spaces, S{C) separates the points of 
C, so we see that fcer($) D f]^^^^ ker{(j)) = K and $ factors through the 
natural map 11 : A — > A/K. On the other hand, since K is an intersection 
of order ideals, it is an order ideal itself and 11 : A — > A/K is a morphism 
of order unit spaces. So we have seen that any surjective morphism of order 
unit spaces that stabilizes ^ factors through the natural map U : A ^ A/K. 

To show that U : A —>■ A/ K is the state stabilizer of ^, we only have left to 
show that this map stabilizes ^. As usual, the dual space of A/K pulls back 
via n to the set of elements in A' that annihilate K. Since K = f]^^^^ ker{(j)), 
the Banach extension theorem implies that the pullback of the dual space of 
A/K is the closed linear span of the elements of H^. Since the elements of 

are states, the state space of A/K is the closed convex hull of H^, which 
is H^. But the elements of if^ stabilize ^, so reversing the argument in the 
last paragraph shows that A/K stabilizes ^, and thus is the state stabilizer. 
This proves the last claim also. 

□ 

We now define an operator system that will play the role of our quantum 
coadjoint orbit later on. Recall our notation ^A(a) = a * (p = (y? ® id)Aa. 

Definition 3.16 Let A be a compact quantum group, and let U : A B 
be a positive unital map from A to an order unit space B. We define the 
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quantum homogeneous space corresponding to U to be the set 

= {ae A\{Il® id)Aa = 1^ (g) a}. 

It is an operator system. 

Typically, we will interested in the case when U : A ^ B is the state 
stabilizer of some vector^ in a unitary representation of A. In this case we 
will denote A^ as A^'^ , or as A^ when ^ is understood. In this case A^^ is 
given by 

A"i = {ae A\ ^A(a) = a, G H^}. 

Intuitively, A^ is the set of "Il-invariant" elements of A, when A is con- 
sidered to be an right ordered A-module via the coproduct A : A ^ A. Of 
course, it wouldn't be reasonable to call A^ the orbit of ^ under u, since an 
ergodic action of a compact quantum group is not necessarily characterized 
by the stabilizer of some element. For example, consider an ordinary compact 
group acting ergodicly on a noncommutative C*-algebra. 

Proposition 3.17 A^ is an operator system, and a right coideal of A. 

Proof: The mapping U : A ^ B is unital and positive, so A^ is a unital, 
norm-closed, and *-closed subspace of A. Thus A^ is an operator system. 

For the second claim, we must show that if a G A^, then Aa G A^ A. 
We have (11 (g) id)Aa = 1b ® a. We compute (11 id ® id) {A ® id)Aa = 
(n (g) O id){id (g) A)Aa = {id O A)(n O id)Aa = {1b ® Aa). 

□ 



Remark. Since 11 is not necessarily an algebra homomorphism, ^4 need not 
be a subalgebra of A. 

For future reference, we note a simple criterion for whether or not ip G 
S{A) is in H^. The following lemma is the analog of Proposition 13.61 written 
for states. 

Lemma 3.18 Let A be a compact quantum group and let u,7{, and ^ be as 
above. Let (p G S{A). Then (p is in iff (m^(0;0 = II^IP- other words, 
^ IS m zff^{a^) = m\' z#(^(a|) = m\'. 

Proof: Since u is unitary and (y? is a state, u and id ® ip are contractive 
and ||'u<^(OII ^ ll^ll- By the Cauchy-Schwarz inequality we have u^{^) = ^ iff 
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Example. Let {U, Ti) be a unitary representation of a compact group G, 
and let A = C{G). Let ^ E Ti. We have that the state space of A con- 
sists of Borel probabiUty measures on G. If G S{A) we have U^{^) = 
jQUx{^)dii{x). Since 1 1^4(011 — IKII ^r all a; G G and is a probability 
measure, Minkowski's inequality gives U^{^) = ^ iff Ux{i) = ^ on the sup- 
port of /X. Thus is the set of probability measures supported on the usual 
stabilizer H < G oi ^. It follows that the state stabilizer of ^ is just the 
restriction map G{G) —>■ G{H). 

We see that for A — C{G), both the state stabihzer and the quantum 
stabilizer of ^ G ?i are equal to G{H), where if < G is the usual stabilizer 
of ^. However, for cocommutative quantum groups, the results are quite 
different. 

Example. Let A — C*(r) for a discrete group F, and let (rt, C") be an n- 
dimensional unitary (co)representation of A. As before, we can replace u 
with an equivalent representation to arrange that u G M„(A) is a diagonal 
matrix with entries 71, ...,7„. Let ^ G C" with each coordinate nonzero. We 
have u{^)i = ^iji. Let G S{A). We have u^{i)i = ¥'(7i)6- Thus 
H^^icpe S{A) I cpi^i) = 1, Vi = 1, ...,n}. 

The state space of A is given by matrix elements of unitary representations 
of the group F (not to be confused with unitary (co)representations of A\) 
That is, if z/ is a unitary representation of F and x G Tiu is a unit vector, 
we have a state (Pu,x{'l) = (^^7(2^)) 2;), and every state on C*(F) arises in this 
way. By the Cauchy-Schwarz inequality we have (fiu,xi'y) = 1 if and only if 
i/-y(x) = X. Since u is a representation, we have that if J^yi{x) = x for all 
i = 1, ...,n, then z/^(a;) = x for any 7 in the subgroup generated by the 7j. 
So we see that the state Lp,,_x is in if and only if a; G Tiy is fixed by the 
subgroup generated by {7i}i=i,...,n- 

In contrast, we had before that the quantum group stabilizer of ^ was 
given by G*(T/N), where N is the normal subgroup generated by the 7j. A 
state on C*(F/A^) corresponds to a representation of F that is trivial on N. 
Intuitively, the quantum group stabilizer of ^ is made out of representations 
of F that are trival on 71, 7^, whereas the state stabilizer of ^ is made out 
of representations of F which have a vector fixed by 71, 7^. 

Remark. In the example above, let C F be the subgroup generated by 
7i, ...,7n- For simplicity, consider the case where fl is finite. Let p G C*(F) 
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be the projection 

P = pS,,n 7- 

Let {i^yTi.) be a unitary representation of the group F, and let x E H. Then 
any nonzero vector y ^Tioi the form y = v{p)x will be fixed by the subgroup 
f2, and so will give a state in the state stabilizer H^. It's straightforward 
to check that every state in arises in this way. Therefore, viewed as a 
mapping of order unit spaces we have that the state stabilizer of ^ is given 
by the natural map C*{T) pC*(T)p. 

From Theorem 2.4 of [E], we see that the state stabilizer of ^ is a compact 
quantum subhypergroup of C*(F). We will not discuss hypergroups much in 
this paper, but in the appendix we will give an example which suggests that 
state stabilizers are not even quantum subhypergroups in general. 

The previous example actually indicates the general difference between 
the state stabilizer and the quantum stabilizer, as we now show. 

Example. Let {u, Ti) be a unitary representation of a compact quantum 
group A, and let ^ G 7^ be a unit vector. By Lemma 13.181 we have if^ = 
{(p e S{A) I ^{(t{) = 1}. Let ip G S{A). By the Gelfand-Naimark Theorem 
there is a *-homomorphism (tt, 7i^) of the underlying C*-algebra of A and 
a unit vector u G TYtt such that ip{a) = (7r(a)z/, z/). By the Cauchy-Schwarz 
inequality we have (f E ii and only if 7r(cr^)z/ = u. So states in the 
state stabilizer generally correspond the unit vectors fixed by in the *- 
representations of of the underlying C*-algebra of A. 

On the other hand, by Proposition 13.91 the quantum group stabilizer 11 : 
A ^ B is actually the universal map of C*-algebras that stabilizes ^. By 
Proposition 13.61 a map of C*-algebras stabilizes ^ if and only if it sends to 
the identity. Let it : A ^ B(T-Cn) be a *-representation of the underlying C*- 
algebra of A. If vr is the pullback of some ^-representation of B, then clearly 
7r(crg) = 1. Conversely, if vr((T^) = 1, by the C*-universality of B, we must 
have that vr factors through 11, so that tt is the pullback of a ^-representation 
of B. Again, by Gelfand-Naimark, states on B correspond to pairs (vr, u) 
where tt is a ^-representation of B and u G 7i,r- Thus the states of A that 
come from the quantum group stabilizer of ^ generally correspond to unit 
vectors in the *-representations of the underlying C*-algebra of A that send 
cr^ to the identity operator. We summarize as follows. 
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Summary 3.19 To compute either the quantum group stabilizer or the state 
stabilizer of ^, first consider the * -representation theory of the underlying C*- 
algebra of A. The quantum group stabilizer is computed by determining which 
* -representations of A send to the identity operator. The state stabilizer 
is computed by determining which * -representations of A have a fixed vector 
for a/:. 

The reasoning of the last example allows us to prove the analog of Propo- 
sition 13.101 for state stabilizers. 

Proposition 3.20 Let {u^Ti) be a unitary representation of a compact quan- 
tum group A, and let G 7^. Consider the unitary representation (m®", Ti®") 
of A, and the vector Then the state stabilizer of ^ also stabilizes 

Proof: For simplicity, take to be a unit vector. Consider the elements 
and o"g«n of A. Because of Lemma 13.181 it suffices to show that if G S{A) 
and (p{(T(^) = 1 then ip{a^»n) = 1 also. From the reasoning in the example, 
we have (p{a) = (7r(a)z/, i/) for some ^-representation of A and some unit 
vector u that is fixed by a^. Notice that ag®n = 1) = 

((■"(0)^ ® 1))" = '^s^- Thus if vr is a *-representation and 7r((T^)(z/) = z/ we 
have 7r(cTg®n)(z/) = 7r((T^)(z/) = (7r((7^))"(z/) = z/ also. Thus if G S{A) and 
ip{<7^) = 1, then ip{a^^n) = 1 also. 

□ 

We now turn to the issue of whether is closed under the coinverse 
operation of A'. If ip & A' then the coinverse of ip is defined by {K,ip){a) = 
if{K{a)*). There are a couple of difficulties here. The first is that it's not 
immediately clear that states on A are norm-bounded. Thus, it's not clear 
that our Lemma 13.181 can be used. However, we have assumed that all of 
our quantum groups are full, and it is known for A full that states of A are 
norm-bounded |Belj . But this is not the only problem. Generally we have 
* o K = o *, SO K is not positive unless = id. So G S{A) implies 
Kip G S{A) only if k"^ = id. 

Proposition 3.21 Let u,T-C,^ be as above and let be the state stabilizer 
of ^. Suppose that A is full and Kac-type. Then S{A) and are closed 
under the coinverse on A'. 
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Proof: Generally we have any state on A restricts to a state on A, and 
the restriction map is injective since A is dense in A. On the other hand, 
by Theorem 3.3 of |Bel] for A full states on A are norm bounded, so that 
S{A) = S{A) for A full. Hence we can define k : S{A) —>■ A'. The coinverse 
map of A' is antimultiplicative, so that K{ipip*) = n{ip*)n{ip). For n = 
we have k commutes with *, so k is positive. Since k is unital, we have 
K : S{A) S{A). 

By Lemma [3.181 ip E is equivalent to {^,u^{0) = II^P- Because 
(fi is a. state, we have nif = Lp o k. Finally, because u is unitary we have 
= (w<^.ok(0,0 = {un^iO^O- So (p e implies Kcp G H^. □ 

Above we defined A^'^ = {a G A | (^A(a) = a, Vy^ G H^}. This definition 
suggests a natural question. Namely, if ip E S{A) and one has ^A{a) = a for 
all a G y4^«, does one necessarily have G It is not obvious that this 
should be the case, but for Kac-type quantum groups, we can use Proposition 
13.211 to obtain an affirmative answer. First we need a simple computational 
lemma. 

Lemma 3.22 Let (f E A' and let a E A. Suppose A is of Kac-type. We 
have A^(a) = a if and only if ^ok.A{i^o) = na. 

Proof: This statement follows immediately from the fact that A o k = 
■d{K (g) A, where d : A® A^ A® Ais the flip map. □ 



Proposition 3.23 Let u : Ti ^ Ti ® A he a unitary representation of a 
compact quantum group A, and let ^ E Ti. Let and A^'^ be as above. Let 
lp G S{A). If A is of Kac-type, then E if and only if ^A{a) = a for all 



Proof: To avoid technical difficulties, we prove only the case when the 
isotypic components of u are finite dimensional. For the general case, one 
must replace the action A : A ^ A® A with the right regular representation 
"A": L2(A) ^ L\A)®A. 

Let H = 0^g^ Ti.^ be the decomposition of H into isotypic components. 
It's easy to see that for ip G S{A), we have u^{^) = ^ if and only if u^{^^) = C,^ 
for each fi E A, where is the projection of ^ into That is, we have 

= H/iGi -^5'' ^^^^ ~ ClfieA A^^'^ ■ So it suffices to consider the 
case when 7i = Ti.^ for some /i G A. Since we are assuming that the isotypic 
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components of u are finite dimensional, we have in this case that u is finite 
dimensional. 

By the definition of , we have E implies ^Aa = a for all a G . 
For the other direction first note that since Ti. is finite dimensional, we can 
embed Ti. as an ^-module into C"' ® A for some n E N. Indeed, if (/i, /C^) is 
an irreducible representation of A, then one can choose a basis {ei,...,em} 
of /C^ such that u{ej) = T^iCi® u^. Then the map defined by Cj ^ u'^^ is an 
intertwining map from /C^ to A. 

Thus we can assume that (m, Ti) is an ^-submodule of C" ® A, and we 
can view ^ E ® A. Write ^ as a tuple (ai, ...a„) with G ^ for each j. 
Let ip G S'(yl). Then one has {id ® A^)^ = ^ if and only if A^(aj) = aj for 
all j. So we have shown that there exists a subset {oi, a„} C ^ such that 
ip E H^ii and only if A^(aj) = for all j. By the lemma, this is equivalent 
to ^oKA(Kaj) = naj for all j. By Proposition 13.211 we have = o k, so 
that these naj are in A^'^. Furthermore, by replacing ip with o k we have 
just shown that if ip E S{A) fixes this finite set {/tai, Ka„} C A^^, then 
ip o K E H^. Again, we use that = H^o k to get that ip E H^. This proves 
the proposition. 

□ 

Finally, if 11 : A ^ is a quantum subgroup of A, then the Haar measure 
of B gives a idempotent map from A to A^. Since the state stabilizer is 
generally not a quantum subgroup, there's no reason to expect that ifg should 
have a Haar state; that is, an element h E such that h* (f = (p * h = h 
for all (f E H^. Thus we have the question: 

Question 3.24 When does the state stabilizer have a Haar state? 

In the appendix we use the results of this paper to that for A a theta 
deformation of an ordinary Lie group, the answer is often yes. We also give 
evidence that for a particular representation of Au{n) the answer is probably 
not. 

4 Berezin Quantization for Quantum Groups 

4.1 The Berezin Symbol and its Adjoint 

For the remainder of the paper, A will be a coamenable compact quantum 
group of Kac-type, and u E B(H) A will be an irreducible unitary repre- 
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sentation of A. We have an action of A on B{T-C) by a(T) = u{T ® l)u*. It's 
easy to check that as representations of A we have a = u^u. In particular, a 
is unitary when BiTi) is viewed as a Hilbert space with the Hilbert-Schmidt 
inner product. Finally, to define the Berezin symbol we choose a unit vector 
^ G 7i, and we let P in BiTi) be the corresponding rank 1 projection. 
We can now define the Berezin symbol a : B{T-[) —>■ A by: 

ar = (tr ® id)[{P l)a{T)] 

where tr is the usual, unnormalized trace. It is clear from the definition that 
a is unital and completely positive. We wish to show that the range of a 
is contained in A^ , where H is the state stabilizer of P; that is, H = {(j) ^ 
S{A) I ^^(P) = P}. Here, we retain the shorthand notation = {id ® (^)q; 
from the last section. Notice that already we must use that A is of Kac-type. 

Proposition 4.1 We have a : B{T-C) — > A^ . The kernel of a is the orthog- 
onal compliment of {a^{P) \ (f G A'}. In particular, the restriction of a to 
the the set {a^{P) \ ip G A'} is injective. 

Proof: Let (p G S{A). We compute: 

<^A(aT) = {(f)0id)A[{tr0td)[{P®l)a{T)]] 

= (tr ® 0® zd)[(P® 1 ® l)(zc/® A)(a(T))] 

= {tr (g) (f) (g) id)[{P 1 (g) l){a (g) id){a{T))] 

= {tr ® (0 o ® id)[{a{P) ® l)(a(T))i3] 

= (tr®zd)(K<^(P)®l)(a(T))). 

To obtain the fourth line above we have used that a is unitary for the Hilbert- 
Schmidt inner product on B{T-i). Now suppose that (p & H. Then by Propo- 
sition [3l2l] we have G H, so the above calculation shows ^A{aT) = ctt- 
That is, ar e A". 

For the second claim, let T G ker{a). Let /i G A' be arbitrary. The above 
calculation shows that tr(a«;^(P)a^(T)) = for all G S{A). Since S{A) 
spans A', we see that T G ker{a) if and only if the subspaces {a^(P) | ip G A'} 
and {q;^(T) | fi G A'} of B{T-C) are orthogonal. Since a is unitary, we have 
(a^(P), a^(T)) = {a(^^on)*ip{P),T) , so that T G ker(cr) iff T is orthogonal to 
{a^{P)\(p G v4'}. In particular, we see that the restriction of a to {a^{P)\Lp G 
A'} is injective. □ 



48 



In light of this proposition we denote B = {a^{P) \ ip G A'}. Like , E is 
not necessarily a subalgebra of B(H), but is an operator system. Eventually, 
we will show that under suitable conditions, if we replace u by u®" and look 
at the sequence of spaces B"', they will converge to A^ in quantum Gromov- 
Hausdorff distance. 

Consider the case when G is an ordinary group. If /i G C(G)' is a Borel 
measure on G, then we have a^(P) = J^ax{P)dfi{x). So we see that in this 
case B is the cychc subspace of B(H) generated by P. We show that this is 
the case in general. The cyclic subspace generated by P is clearly invariant 
under the operators a^, so it is certainly no smaller than B. Thus we have 
only to check that B is an a-invariant subspace of B{T-C). 

Lemma 4.2 We have a : B ^ B ® A. 

Proof: By Proposition 14.11 we have ker (cr) = B^. Let T be orthogonal 
to B, and let h & A. It suffices to show that (T ® h) is orthogonal to 
the image of a{B) in BiTi) L'^{A). By Corollary 12.111 we have = 
{id®h o m){[{id (g) K)a] (g) id). We compute: 

(T®6,aK(P))) = {a\T®b),a^{P)) 

= {{id ® \\){\{id ® k)«(T)](1 ® 6)), a^(P)) 

= {{id®\\)[{l®K-^h)a{T)la^{P)) 

= (a^(T),a^(P)) = 0, 

where we have set ip{a) = h((/t~^6)a). 

□ 

We must compute the adjoint of the Berezin symbol. We let h G S{A) 
be the Haar state of A. We obtain an inner product on A^ by (a, b) = 
h{b*a). This inner product may be degenerate when A is not coamenable. 
Eventually we will restrict to this case, but there is no need to just yet. 
We use on i3 C P(7i) the inner product coming from the normalized trace: 
{S,T) = dy^tr{T*S), where dn denotes the dimension of H. We can now 
compute the adjoint of a. 

Proposition 4.3 Consider the injective map a : B —>■ A^ . It's adjoint 
a : A^ B is given by: 

o'a = dna\P®a) 

= d'H{id(^h){[{id(^ K)a{P)]{l®a)). 
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Furthermore, a is unital, positive, and surjective. 
Proof: Let a G and T & B. We compute 

{^a,T)i3 = {a, ax) mA) = K(^t(^) 

= (tr®h){(P® l)a(T)*(l®a)} 

= d-H{P ®a,a{T))B(sL-^{A) 
= {dHa\P®a),T)B. 

This proves the first formula for a. The second formula follows from Corollary 
12.111 Since a : B ^ is injective, a : A^ ^ B is surjective. Since 
u G B{T-C) ® A was assumed irreducible, by Theorem 5.4 of [Wolj we have 
the second orthogonality relation for a; that is, for any T G BiTi) we have 
(id® h)a(T) = Tr{FT)/Tr{F) Ib{h): for some positive operator F G BiTi). 
Since A is of Kac-type, Theorem 5.6 of [Wol] implies that F = Ib{h)- In 
particular, we have a^^ = d^iid ® h)a(P) = tr{P) 1b(h) = ^bch), so that a 
is unital. 

To prove positivity, note that = id implies that k is a *-homomorphism 
from A to A°pp, so is completely positive. Thus {id K,)a{P) is positive, 
viewed as an element of B{1-C)®A°^^. (Note, it may not be a positive element 
when viewed in B{T-C) ® A). By Theorem 5.6 of |Wol] . the condition = id 
is equivalent to assuming that the Haar state is a trace. Then h is also a 
tracial state on A"^^. Let -opp denote the product on A"^^. Finally, since h is 
a state it is completely positive, and we have 

^aa" = dn{id(^h){[{id® K)a{P)]{l®aa*)) 

= dn{id (g) h)((l (g) a* -opp a) -opp [{id /t)a(P)]) 

= dn{id (g h)((l ® a) -opp [{id ® K)a{P)] -opp (1 ® a*)) > 

□ 

Remark. The argument above is easily modified to give that a is a com- 
pletely positive map when viewed from A°^^ to B. This does not imply that 
0" is a completely positive map on A, since the complete order isomorphism 
between A and A°^^ is k, rather than the identity. If a : A —>■ B is completely 
positive also, one would expect that id : A ^ A°pp would be complete order 
isomorphism. A unital 2-order isomorphism between unital C*-algebras is a 
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^-isomorphism [KeJ . This suggests that a is completely positive only when 
A is commutative. 

We now have a positive, unital, injective map a : B ^ and its positive, 
unital, surjective adjoint a : A^ — * B. We also know that we have actions 
A : A^ — i> A^ ® A and a : B ^ B ® A. This brings us to the final 
fundamental property of the Berezin Symbol and the Berezin Adjoint; they 
are equivariant. 

Proposition 4.4 Consider the Berezin symbol and its adjoint a : B ^ A^ 
and a : A^ B. They are equivariant for actions a and A of A on B{T-C) 
and A. Explicitly, we have 

[a ^ id) o a = A o a and 
{a ® id) o A = a o a 

Proof: We compute: 

{a®id)a{T) = {tr ® id ® id)[{P ® 1 l){a ® id)a{T)] 

= {tr id® id)[{P 1^1) {id (g> A)a{T)] = A^ar). 

Mimicking this calculation for a directly is difficult, but if we work on the 
image of A in L'^{A), we can simply take the adjoint of the first result. 
Explicitly, we have 

o {a I® id) = a o 

By Corollary 12.111 we have a'' = {id® ho m){[{id ®) K,)a] ® id), and similarly 
for A"!". Let a,b e A. We have 

a\a ®id){a®b) = {id ® h){[{id ® K)a{aa)]{l ® b)) 
= {id®h)[{l® K'^b)a{aa)]. 

Similarly, 

{a o A^){a®b) = a[{id ® h){[{id ® K)Aa]{l ® b))] 
= a[{id®h){l® K-^b)Aa] 
= {id ® h)[{l ® K~^b){a ® id) Aa]. 

Since h is nondegenerate on A, this forces {a ® id)Aa = a{aa) for any a G 
A. Since both sides are continuous and A is dense in A, we have that 
{a ® id)Aa = a{aa) for any a E A. □ 
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Remark. If one compares the Berezin symbol and Berezin adjoint defined 
in tfiis section to the ones for ordinary Lie groups in Section 2.6, they will 
notice that the two differ by a coinverse. The classical Berezin symbol and 
adjoint intertwine the action of G on B{T-l) by conjugation with the action 
of G on C{G/H) by left translation. 

For a quantum group A, the natural left action of A on a homogeneous 
space is the action of A on A^ by right translations, because the left action of 
A on ^A by left translations requires one to use the coinverse, which generally 
does not extend to all of A. For A of Kac-type, the coinverse does extend to 
all of A, but there really is no reason to insist on using left translations, as 
it just complicates formulas and obscures the overall picture. 

This switch between using left and right translations on the corresponding 
homogeneous spaces is the reason that our Berezin symbols differ from the 
classical ones by a coinverse. 

4.2 The Berezin Transform and Berezin Quantization 

First, we compute the composition {a o a) (a). The brute force computation 
of this composition is very messy. We will give a much simplier version using 
the result of Lemma 12.131 We find that there is an explicit linear functional 
hp G S{A) such that (cr o a) (a) = /ipA(a) = {hp ® id)Aa. We make the 
definition first. 

Definition 4.5 Let hp G A' be the linear functional dual to the element 
d-HCp. That is hp(a) = d-}i\\{apa). 

Lemma 4.6 \ip is a state. 

Proof: By the second orthogonality relation, hp{l) = (i-7^(tr Cg) h)((P ® 
l)a(P)) = tr{P tr{P)lB{H)) = 1- Also, since a is positive, d-nap = bb*, some 
b E A. (Actually, an simple computation shows b = \/'(hi{u{^) , ^ ® 1) works.) 
Thus hp{a*a) = h(66*a*a) = h{b*a*ab) > 0, so hp is a state. □ 

Proposition 4.7 The composition cxoa : A^ A^ is given by {(7ocr){a) = 
hpAa. 
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Proof: Let a G . We compute 

{aoa){a) = df(a{a\P ^ a)) 

= d'H{tr(g>id){{P^l)[aoa\P®a)]) 
= d'H{tr®id){{P®l){a^ ®id){P0Aa)), 

where we have used Lemma 12.131 in the last hne. 

We would like to use that a'^ : B ® -^^(^) ~^ ^ really is the adjoint of a, 
so we take an arbitrary element b & A and we apply h(6*-) to both sides. We 
obtain 

{{a o a){a),b)L^A) = rf7^((a^ O irf)(P (g) Aa), P (g) 6) 6^5^,2 (^) 

= dniP Aa,a{P) 0b)B^mA)^L^A) 
= dn{tr 0h0h) {{a{P) 0b*) {P0 Aa)). 

Because the Haar state is nondegenerate, we must have 

{aoa){a) = dn{tr ® h ® id){{a{P) 1){P Aa)) 
= dnih®id)i{ap0l)Aa) = hAio-)- 

□ 

Thus far, we have described how, given a Kac-type compact quantum 
group A, a distinguished unitary irreducible representation u G B(TC) ® A, 
and a distinguished vector ^ G 7i, we can construct the Berezin symbol a : 
B — > A^ and its adjoint a : A^ — > B. To construct the Berezin Quantization 
of A^ , we must find a sequence of irreducible representations (m",?^") with 
corresponding rank one projections P" that all have the same state stabilizer 
H. 

In the case of compact semisimple Lie groups, one takes the vector ^ above 
to be the highest weight vector for the representation u. One then looks at the 
subrepresentation of (m®", ?-^®") generated by This subrepresentation is 
denoted by (m",?-^"). It is known that (m",?-^") is irreducible and that ^" is 
it's highest weight vector. It is also true in this case that B"" is all of BiT-C^), 
and that A^ = C{G/H) is a subalgebra oi A = C{G). So one can define 
a collection of C*-algebras An, for ^ G {0} U 1/N by Aq = C{G/H), and 
An = B{TH}/^'), which can be shown to give a strict quantization of C{G/H). 

In order to get a strict quantization of our operator system A^ , we must 
make one final definition. 
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Definition 4.8 Let {u, Ti) he an irreducible unitary representation of a com- 
pact quantum group A. Let ^ E Ti. We call ^ primitive-like if the cyclic 
subrepresentation of the representation m®" G -B(7i'®") A generated by 
is irreducible for each n E N. 

Suppose our irreducible unitary representation (m, TC) has a primitive- 
like vector ^. We let (m", Ti"^) be the irreducible cyclic subrepresentation of 
Ti*®"- generated by and we write a" for the corresponding action of A 
on i?(7Y"). By Proposition 13.201 we have that the state stabilizer of P also 
stabilizes for all n G N. Hence we have a sequence of maps a" : — A^ 
and o"" : A^ B^. We now will show that there is a strict quantization of 
our operator system A^ such that An for h G {0} U 1/N given by Aq = A^ , 
and Afi = B^/^. In the next subsection we will reinterpret this result in terms 
of Lip-norms. 

We have the sequence of Berezin Transforms (cr" o o-") : A^ A^ . By 
Proposition 14.71 we have that (cr" o a^){a) = /ip„A(a), where hpn g S{A) 
is given by hpn (a) = d-j-c-nh^apna) . By the proof of Proposition 13.201 we 
also have that ap„ = (crp)". We will use this observation to show that the 
sequence {/ip"}neN converges weak* to the counit e on A^ . Among other 
things, this will imply that the sequence of operators (a" o a"") : A^ — > A^ 
converges strongly to the identity operator on A^ . This explains why we had 
to use the state stabilizers rather than quantum group stabilizers. Indeed, if 
one extends the definition of a to A by the same formula, a oa maps all of A 
into A^ , so the sequence of maps (a" o a") cannot converge to the identity 
on any subspace of A strictly larger than A^ . In particular, if U : A —>■ B is 
the quantum group stabilizer of P, then (cr" o a") converges to the identity 
on A^ only when A^ coincides with A^ . 

We have hpn(a) = dy^nh^apuo) = d'nnh((ap)"'a). We have seen that hpn 
is a state, so the factor d-j-in can be thought of as just a normalization to make 
hpn unital. For computational purposes then, we use the expression hpn[a) = 
h((crp)"'a)/h(((Tp)"). We denote L'^{A, h) by /C, and the corresponding cyclic 
vector by Q. In terms of the inner product on /C we have h(a) = (af2, Q) and 

{an, japrn) 

hpn[a) = — — — — — 
(12, (o-p)"i2) 

From these expressions it's clear that h and hpn extend by weak continuity to 
iy*(y4) C B{1C). We use the same notations h and hpn for these extensions. 
For 7 > 0, we denote by x-y the element of W*{ap) corresponding to the 
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characteristic function of the interval [1 — 7, 1]. Our first task is to estimate 
/ipn((l — x-y)a) in terms of n for fixed 7. For the first time, we use our 
assumption that A is coamenable. 

Lemma 4.9 For any a & A, any 7 > 0, and any n & N we have 

|hp.((i-x»l<^(^j 

In particular, for 7 fixed we have hpn((l — x-y)'^) Qoes to zero for any a & A 
as n — > 00. 

Proof: We have hpn{{l - x^)a) = ((1 - x^)aQ, ((7p)"fi) /(Q, ((7p)"Q). We 
look at the numerator first. Using that h is a trace and that up commutes 
with 1 — we compute: 

\{{l-X,)a^A<^pr^)\ = |h(M"(l-X7)«)l 

= H{l-x,){apr"a{apY'\l-X,))\ 
< ||a||h((l-x,)M")<||a||(l-7r. 

In the last inequality we use that ||(1 — X7)(cp)"|| < (1 — 7)"- 

Now for the denominator. We have h(((jp)") > \\{x-y/2{<^pY) > (1 — 
7/2)"h(x^/2)- Since A is coamenable, h is faithful on A. It is clear that there 
are positive, nonzero elements of C*((jp) that are less than X'y/2- Since h 
is strictly positive on any such element, we must have h(x^/2) > as well. 
Putting our estimates for the numerator and the denominator together we 
obtain the desired result. 

□ 

Next we estimate the value of hpn{x-ya) as 7 goes to zero. 

Lemma 4.10 Let ^ : A^ B be the state stabilizer of P, and let a E A. We 
have 

limsup I sup |hpn(x-ya)| I < ||^(a)|| 

Proof: We begin the estimate as we did in the previous lemma. We have 

\hpn{x,a)\ = \h{x,a{<^Pr)\/h{{apr) 

= Hi^Pr/\,ax,{apr/')\/h{{apr) 

< \\x,ax,\HMn/HMn 
= IIxt^XtII- 
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Define a map \l/-y : A — B{x-y^) by \l/^(a) = x-y(^X'y Note that is 
positive. Since x-y is the unit of B{X'y^), we have that is also unital. 
Finally, we note that "^^{ap) = XiCrpXi > (1 - l)Xi = (1 - i)^b{xiK.), so 

that (1 - 7)1b(x^^) < ^7(^p) < 1b(x7^)- 

Next we show ker(\l/^) C ker(\I^5) for 7 > 5. Let a G A. Then a G 
ker(\l/^) if and only if X-yO^X-) = if and only if (x^ax^Tfi, SVL) = for all 
T, 5* G BiJC). Let 6, c G A be arbitrary. Set T = xsb and 5* = X(5C. We have 
= {x-yax-yX&b^iX&c^) = ixs^^Xsb^yCfl), where we have used x-yXs = Xs for 
7 > 5. Since b, c were arbitrary and ^4^2 is dense in /C, we have a G ker(\l/^) 
implies a G ker(\l/5). 

We can now define X = [J^\^q ker(\l/^). By the preceeding paragraph, X is 
an increasing union of complex order ideals, and so it is an order ideal. Thus 
the natural map \l/ : A — > A/X is positive. By construction, : A A/X 
factors through each of the maps A —>■ y4/ker(\l/^). We saw above that 
(1 - 7)liJ(x7^) < ^7(^^') < 1b(x7^)- Thus we must have (1 - 7 )1a/j < 
^(o"p) < Ia/i for any 7 > 0, so that "^{(Tp) = Ia/i- By Lemma [3. 181 we have 
that the state stabilizer is the universal positive unital map ^ : A —>■ B such 
that $(crp) = 1b, so that \l/ factors through $. Therefore < ||$(a)|| 

for all a & A. 

At the beginning of this proof we showed that \hpn(x-yCi)\ < IIX7'3'X7ll = 
||\l/^(a)|| for any n G N. Therefore we obtain: 



Lemma 4.11 Let ^ : A B be the state stabilizer of P, and let a G A^ . 
Then $(a) = e{a)lB- 

Proof: By definition, a G A^ means that ($ ® id)Aa = Ip ^ a. We have 
$(a) = ^{id ® e)Aa = (id £:)($ ® id)Aa = {id (g) e){lB a) = £{a)lB. 

□ 

Finally, we obtain our desired result. 
Proposition 4.12 Let a G A^ . Then lim^^oo h 



limsup sup \hpn{x^a)\ < ||^(a)|| < ||$(a)||. 




□ 
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Proof: Let a G and let 6 = a — e{a)l. We have e{b) = 0, so by Lemma 
14.111 $(6) = 0. For any 7 > 0, using Lemma 14.91 gives lim^^oo I ^P" (&) ~ 
hpn{x-yb)\ = lim„^oo |^P"((1 - X7)&)l = 0. Thus lim sup„_^oo I '^P" (^) I = 

sup^gj^ \hpn(^')(^b)\, for all 7 > 0. Now, using Lemma 
14. 101 we have limsup^^o^^ \ hpn{b)\ < ||$(&)|| = 0. So lim„^oo hpn[b) exists and 
is equal to zero. Finally, we have lim„_>oo hpn[a) = lim^^oo hpn[b + 6{a)l) = 
e{a). 

□ 

As a corollary of the weak convergence of hpn, we can show that we have 
a strict quantization of the operator system . 

Proposition 4.13 Let a G A^ . We have (cr" o a") (a) ^ a in norm as 
n ^ 00. Moreover, the maps a" : give a strict quantization of A . 

Proof: Let a G A^ . By Proposition 14.71 we have (cr" o a") (a) = {hpn ® 
id)Aa. By Lemma [3.171 we have Aa G A^ ® A. By Proposition 14. 121 we see 
{hpn (g) id){u}) ^ {e® id){uj) for any uj G A^ ® A. But {e ® id)Aa = a, so we 
have the first part of the proposition. 

The second statement follows immediately from the first using Theorem 
[M □ 



Remark. The use of coamenability in the proof of Lemma 14.91 appears to 
be insignificant, but in the appendix we will give an example that shows it 
is essential. 

4.3 The Convergence of cr"oa" in Terms of Lip-norms. 

Let La be any regular Lip-norm on A. We have ergodic actions of A on A^ 
and on each B"". Thus La induces a Lip-norm L on A^ as well as Lip-norms 
L„ on each B"' as described in Section 2.5. Our goal now becomes to show 
that (S", Ln) converges to [A^ , L) for quantum Gromov-HausdorfF distance 
as n — *• 00. Our first step is to reinterpret Proposition 14. 131 in terms of the 
Lip-norm. We begin with a technical lemma. 

Lemma 4.14 Let V and W be order unit spaces. Let K C V ®W be totally 
bounded for the order norm, and let G S{V) be such that (0 (g) id){K) = 0. 
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Let S > 0. Then there exists a function f : S{V) [0, oo), continuous in 
the w* -topology such that 

\\{fi^zd){u)\\ < /(/i),V/i e S{V),Wu; e K, (1) 
and f{<p) < S. (2) 

Proof: Since K is totally bounded, it is bounded. Thus for some A G [0, oo) 
the constant function g defined by g{fi) = X satisfies equation (1). Let / 
be an element of C(S'(V),]R) satisfying condition (1). If = 0, we're 
done. If /(0) > 0, we produce a function F satisfying condition (1) such 
that F{(f)) = 2/(0)/3. Repeating the process sufficiently many times will 
then give a function satisfying (1) and (2). 

Suppose / is a continuous function on S{V) satisfying condition (1), and 
suppose that /(0) > 0. There is a Gelfand-like association = IKyU ® 
id){u;)\\ from K into C{S{V)). Since ku{f} C C{S{V)) is totally bounded, 
by Ascoli Arzela there exists a neighborhood U oi (j) such that for all z/ G W 
and aX\ uj & K we have 

||(z/®^rf)H||=^(z/)</(0)/3 
f{v) > 2/(0)/3. 

Let g e C{S{V)) be a nonnegative function such that g{(f)) = f{(t))/3 = 
\\g\\, and g{fi) = for all fi ^ U. Then a quick check shows F = {f — g) 
satisfies condition (1), and has F{(f)) = 2/(0)/3. Indeed, for fi we have 
(/ ~ 5') (a*) = /(a*) ^ II (a^ ® for all u E K, while for z/ G W we have 

>2/(0)/3-/(0)/3 = /(0)/3> for all ^ G if . 

□ 

We can now reinterpret Proposition 14. 131 in terms of the Lip-norm of . 

Proposition 4.15 Let L he any Lip-norm on . Then there exists a se- 
quence of positive real numbers {5„}neN converging to zero such that ||(o"" o 
a") (a) — a|| < L(a)(5„ for all a G A^ . 

Proof: We show that for any 5 > 0, there exists a A'^s G N such that 
II (a" o a") (a) - a|| < L{a)5 for all a G A and all n > Ns. 

Consider the linear operator T : A^ —>■ A^ ^ A hj T{a) = Aa — 1 ® a. 
Clearly T is bounded and vanishes on Cl^- Since L is a Lip-norm, we 
have K = T{a G A^ \ L{a) < 1} is totally bounded. Also {e (g) id)T{a) = 
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{e ® id){Aa — l®a) = a — a = 0. By the lemma, there exists a function 
/ G C{S{A^)) such that f{e) < 6/2 and ||(/i®id)(Aa-l®a)|| < /(/i) for all 
fi e ^'(A^). Let /i = hpn, for some n to be determined. Then for L{a) < 1 
we have o (T")(a) - a|| = \\{hpn ® id){Aa - 1 a)\\ < f{hp^). Since / 
is continuous in the i(7*-topology and /(e) < 5/2, we can find a, Ns such 
that f{hpn) < 6 for all n > Ns. Then for all a G A-'^ and all n > Ns we have 
||(cT"oCT")(a) -a|| < L(a)5. 

□ 

4.4 Equivariance and a o cr 

In the last section we estimated ||(cr" o (T")(a) — a\\ in terms of the Lip- 
norm on . Our goal in this section is to derive a similar estimate for 
II (o"" o (j")(T) — T|| in terms of the Lip-norm on Basically we will be able 
to do this from applying Proposition 14. 121 to the isotypic components of . 
Namely, Proposition 14. 121 guarantees that (cr^oa") converges strongly to the 
identity on A^ . Since the isotypic components of A^ are finite dimensional, 
on any given component (cr" o a"') will converge to the identity in norm. We 
note that the method of this section can be used to simplify the arguments 
of Sections 4 and 5 of [ReS] . 

Let C y4 be finite. By Proposition 14.41 we have restricted maps cr"'\s '■ 
Ag and a^l^ : A^ — > B"^. We will supress the 1^ on a and a when 
the meaning is clear. As we noted before, it is not clear in general whether 
the isotypic components of an ergodic ordered A-module must be finite di- 
mensional. However, since A^ is an A-submodule of the regular A-module 
A : A ^ A^ A, the isotypic components of A^ are contained in the isotypic 
components of A, which are finite dimensional. (This follows either from 
Boca, since A is an A-module algebra }Bo] , or from the Peter- Weyl theorem 
for quantum groups |Wolj ). Proposition 14.121 gives that (o""" o a") converges 
strongly to the identity on A^ , so [a"' o a"')\s converges strongly to the iden- 
tity on A§ . Since Ag is finite dimensional, we have that {(T"'oa"')\s converges 
to the identity on Ag in norm. This has some consequences: 

Corollary 4.16 There exists an Ng G N such that (cr"' o a"-) : Ag — >• Ag is 
invertible for alln > Ng. Moreover, we can choose Ng so that || (cr"o(T"-)~^|| < 
2 for aUn> Ng. 
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Proof: Both statements follow from the facts that the identity operator 
on is invertible, the set of invertible operators is norm open, and the 
inversion map is norm continuous on its domain. □ 

Corollary 4.17 Let be as given from the last corollary. We have o"" : 
and a" : A^ — > B"^ are both invertible for n > Ns, and ||(cr")~^|| 
and 11(0""')""'^ II are each less than 2 for n > Ng. 

Proof: By Proposition 14.11 a"' : B^ ^ A^ is injective. By Proposition 
14.31 and by equivariance, a" : A^ Bg is surjective. By the previous 
corollary (a" o a"') is invertible for n > Ng. Thus for n > Ng we have 
a"' : Bg ^ Ag is surjective and a" : A^ B^ is injective so that they are 
both invertible. Furthermore we have ||(cr"')~-^|| = ||(j"o (a" o (t")^^|| < 2 and 
||(a")-i|| = II (a" o a")-^ o (t"|| < 2 for all n>Ns. □ 

Corollary 4.18 The closed ball Bq{2) C Ag of radius 2 about the origin has 
the property that a"'{Bo{2)) 3 (unit ball of Bg) for every n > Ng. 

Proof: This is immediate from Corollary I4.17[ □ 

Proposition 4.19 Let S G A be any finite subset of A, and let Ng E N be 
as above. Then there exists a Kg > such that for any n > Ng and any 
T E Bg we have \\T — ((t" o cr"')(T)|| < Ln(T)Ks6n, where 5„ is the sequence 
obtained in Proposition 4-15\ 



Proof: Let n>Ns, and let T G i3g with ||T|| < 1. By Corollary EH] there 

exists an a„ G Bq{2) such that 0""'(a„) = T. We compute: 

||r - (a" o a-)(T)|| = ||a"(a„ - (a" o <T")(a„))|| < ||a„ - (a" o a")(a„)|| < 

L(a„)(5„. 

Since La was assumed to be a regular Lip-norm, La is finite on Ag, which 
implies L is finite on Ag . Hence the restriction of L to the finite dimensional 
space Ag is just a usual (finite- valued) seminorm, so that it is continuous 
with respect to the norm. Let Js be the maximum value of L on the compact 
set Eo(2). Thenfor allT G B"^ we have ||T- ((T'^oa")(T)|| < ||T||J55„. Since 
the expression on the left side vanishes on multiples of the identity. Lemma 
EH gives ||T - (a" o a")(T)|| < L„(r)(2r^J5)5„. □ 

We can now prove the main result of this section. Here we use for the 
first time that La on A is right-invariant, so that the induced Lip-norm L„ 
on B"' is invariant by Proposition 12.181 
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Proposition 4.20 There exists a sequence of positive real numbers {6n}nen 
converging to zero such that \\T — (ct" o (t")(T) || < Ln{T)9n for all T & B"^ . 

Proof: Let > 0. We show there exists an A^g G N such that ||T — (a" o 
a")(T)|| < L^{T)e for all T e for all n > Ng. By Lemma [MD there 
exists a finite subset 5 C A and a ip E S{A) not depending on G N, and 
such that 

||a;(T)|| < ||T|| for all T G B"", and 
||T - a;(r)|| < L„(T)^/3 for all T G 
We compute: 

||T - (a" o a")(T)|| < \\T- a;(T)|| + ||«;(r) - (a" o a")(a;(T))|| + II (a" o a")(«;(T) - r)|| 

< L^{T)e/3 + L^{a;{T)){Ks6n) + L^{T)e/3 

< L4T){2e/3 + Ks6n) 

Since lim„^oo'^n = 0, there exists an Ng such that for all n > Ng, for all 
T G we have ||T - (ct" o (t")(T) || < L„(r)0. 

□ 



4.5 Convergence in Quantum Gromov-Hausdorff Dis- 
tance 

We use the results of Propositions 14.151 and 14.201 to show that the quantum 
metric spaces {B"^, Ln) converge to (A^, L) in quantum Gromov-Hausdorff 
distance as n — > oo. First, we prove a lemma that relates Lip-norms to 
equivariant positive maps. 

Lemma 4.21 Let A he a compact quantum group, and let (tti, Ci) and (712, C2) 
he two ergodic ordered A-modules. Let La he a Lip-norm on A and let Li 
and L2 he the induced Lip norms on Ci and C2. Suppose p : Ci C2 is a 
positive, unital, and A-equivariant map. Then for any self-adjoint x G Ci 
we have L2(p(x)) < Li{x). 

Proof: We have tti : Ci ^ Ci ® A, 7r2 : C2 ^ C2 ® A, and 7T2 o p = 
(p (8> id) o TTi. Let (/9 G 5(6*2) be arbitrary. Since p is positive and unital, 
we have Lp o p e S{Ci). Let a; G Ci be self-adjoint. Then La{ •pT^2{p{x))) = 
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La{ i/3op7ri(x)) < Li{x). Taking the supremum over ip G S{C2) gives the 
desired result. □ 

In particular, for a G A^^ and T G B^^ we have L„((T"(a)) < L(a) and 
L(cr"(T)) < LniT). We proceed as in |Re3] . For any e > we define a 
Lip-norm on © i3" by 

L'^'\a,T) =L(a) VL„(T) Ve~ia-(T"(T)|| for a = a*, T = T*. 

We now can use L"'*^ to estimate the quantum Gromov-Hausdorff distance 
between {A^ , L) and (S", We first show that for any e > 0, the quotient 
seminorms of L"'*^ on S"^ and on Asa are simply L„ and L, for sufficiently 
large n G N. 

Lemma 4.22 For any n G N ant/ e> Q we have that the quotient seminorm 
L"'" on is just L^- 

Proof: It's clear from the formula for L"'^ that L'^''^{a,T) > Ln{T) for any 
a G A^^ and any T G so the quotient seminorm of L"'^ is no smaller than 
L„. On the other hand, Lemma HSU gives that L"'^(a"(T), T) = L„(T), so 
the quotient seminorm is precisely L„. □ 

Lemma 4.23 Let e > be given. The quotient seminorm of L^'"^ on A^^ is 
L for all sufficiently large n, namely when (5„ < e. 

Proof: As before, the quotient seminorm is clearly no smaller than L. Let 
5n be as in Proposition 14. 151 For all sufficiently large n we will have 5„ < e. 
Using Proposition 14.151 and Lemma 14.211 we compute 

L"'^(a,a^) = L{a)y e-^\\a-a'\a2)\\ < L{a) W e-^6nL{a) = L{a) 

so the quotient seminorm of L"''^ is precisely L whenever 5„ < e. □ 

Let e > be given and choose n so that the result of Lemma 14.231 holds. 
Then L"'''^ induces a metric on S{A^ © B"') via: 

p„,,(/i, z/) = sup{|/i(c) - u{c)\ : c G (A^ © B^^a, L^^\c) < 1}. 

For any large enough n, we now estimate the distance between S{B'^) and 
S{A") in S{A" © for the metric 
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Lemma 4.24 Let e > 0, and choose n so that the result of Lemma 4-23 
holds. Then S{A^) is in the e neighborhood of S{B^) as measured by pn^e- 

Proof: Let /i G S{A^) C S{A" © S"). We must find u G C 
S{A^ © S") such that z^) < e. Since a" is positive and unital, we can 

take iy = fioa''. Let (a, T) G (A^ © be such that L'''^(a, T) < L Then 
in particular, we have ||a — o"y|| < e. Thus 

|/i(a,T) - u{a,T)\ = |/i(a) - z/(T)| = |M«) - /^K)! < \W ' < e. 

Since this holds for all such (a,T), we have pn,e{,l^, < e, as desired. □ 



Lemma 4.25 Let e > 6e given. Then for all n G N such that 6n and On 
are both less than e, we have that S{B"') is in the 2e neighborhood of S{A^) 
for the metric pn,e- 

Proof: Let n be large enough so that 5„ and 0„ are both less than e, where 
6n and 6^ are from Propositions Ei and H^Ql Let u G C SiA^^B"^). 

We must find p G S{A^) C S{A^ © B") such that Pn,e(/^, z^) < e- As in the 
previous proof, we can take p = u o a". Let (a,T) G (v4^ © be such 

that L''''{a,T) < 1, so that \\a - aJ^\\ < e and L„(T) < 1. Then 

Ha,T)-p{a,T)\ = HT)-u{a:)\ < \\T-a:\\ < ||T-(a"oa")(T)|| + ||a"K-a)|| < O^+e 

Since this holds for all such (a, T), we have pn,,,{p,i') < + e < 2e, as 
desired. □ 

Combining the results of these four lemmas gives us our desired result. 

Theorem 4.26 The compact quantum metric spaces Ln) converge to 
(A^, L) in quantum Gromov-HausdorjJ distance. 



5 Berezin Quantization for General Ergodic 
A-Modules 

Our previous result is actually a special case of a more general theorem. The 
constructions in the general case are less intuitive than in the case above, 
so I thought it'd be best to start with the special case. Also, we need some 
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important proofs for the special case in order to prove the corresponding 
facts in the general case. 

One new feature is that we will now have to use both left and right A- 
modules. For ordinary groups one can get around this, because if a is a 
left-action of an ordinary group G, then a o (■)~^ is a right-action, and vice 
versa. In the Kac case the coinverse is always bounded, so in principle one 
can still convert right modules to left modules, but doing so obscures the 
overall picture. 

Definition 5.1 Let A be a compact quantum group. A right action of A on 
a C* -algebra N is a C -homomorphism tt : N ^ A<S) N with the properties 

• {id ® 71)71 = (A ® id)7r 

• {A® l)7r(7V) is total inA®N. 

When t: : N ^ A® N is a right action of A on a C* -algebra N , we will call 
the pair (tt, A^) a right A-module algebra. An ergodic right A-module algebra 
is a right A-module algebra (tt, N) such that x & N and 7:{x) = 1a® x only 
if X & Cliv- 

As before, we start with a coamenable compact quantum group A of Kac- 
type. Let u : Ti ^ Ti ® A he a. unitary irreducible representation, and let 
^ G 7i be a unit vector which is a primitive-like for u. As before, we denote 
the rank 1 projection corresponding to ^ by P, and we let H be the state 
stabihzer of P for the corresponding action a : B{H) — > B{li.) <SiA. Suppose 
now we also have an ergodic right A-module algebra 7r : N ^ A® N. In the 
following sections we will construct an analog a : M of the Berezin 

symbol and its adjoint a : M for a certain operator system M. The 

Berezin symbol and it's adjoint will be positive unital maps. As before, we 
can consider the sequences of maps cr" : M" — > . We aim to prove the 
following theorem, which is stated here in a slightly imprecise way. 

Theorem 5.2 The spaces {M"}^^^ together with form a strict quanti- 
zation of . Furthermore, the sequence of compact quantum metric spaces 
{M"}„gi!j converge to in quantum Gromov-Hausdorff distance. 
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5.1 Motivation for M and the Berezin Symbol 

As before, we let B C B{H) be the cyclic subspace of B(H) generated by 
P, and we have a : B ^ B <^ A. Of course, the range of a is contained in 
the subspace {u E B <S) A \ {a <^ id){u) = {id ® A)(cj)}. We will confirm 
shortly that a is actually an order isomorphism from B to this subspace. We 
defined before A" = {a e A \ {U ® id){a) = 1b <^ a}, where U : A ^ B is 
the universal positive unital map stabilizing P. The point here is that A^ is 
actually the set of elements of A fixed by 11 whenever A is viewed as a right 
74-module algebra. This is the reason we start with a right A-module algebra 
71 : N A^N, rather than a left module. Based on these two observations, 
we are ready to define M. 

Definition 5.3 Let a : B ^ B ® A and n : N ^ A<Si N be as above. We 

define M QB ® N to be the subspace 

M ^ {uj eB® N \{a®id){uj) ^ (id (g) n)(u;)}. 

Note: It is clear from the definition that M is norm closed, unital, and 
*-closed, so that M is an operator system. 

Example. Let N be A, viewed as a right 74-module algebra. We have B = 
M. Indeed, we have already noted that in this case a : B ^ M. We also 
have id® e : M ^ B. As usual, we have {id® s) o a = idjs- If uj & M, then 
a[{id (g) e){uj)] = {id ®id®e){a® id){uj) = {id ®id® e){id ® A) (a;) = a;, so 
that ao {id® e) = idu as well. Both a and {id ® e) are positive and unital. 
Thus q; : B — > M is an isomorphism of operator systems. 

The first thing we wish to show is that M is in fact finite dimensional. The 
original motivation for the fuzzy sphere was to replace the 2+1 dimensional 
QFT on the sphere with the 0+1 dimensional QFT on the fuzzy sphere. Thus 

it is natural to want our approximations M" of to be finite dimensional. 

Since B has a left A-action a : B B ® A., we have a dual right action 
a' : B' ^ A® B' oi A on the dual space B' by a'{ip) = {(p ® id)a. 

Proposition 5.4 The space LinA{B', N) of right A-module maps from B' to 
N is linearly isomorphic to M. In particular, M is finite dimensional. 
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Proof: Let lo G M. Define uj : B' ^ N by u;{(p) — {cp <^ id)uj. We must 
show that 7r(a)(<^)) = {id ® uj){a\ip)). We compute: 

7r(t!)(</?)) = T:[{ip ® id)uj\ 

— {(p <^id<S> id) {id <S> 7r)a; 

= {(fi <S>id<S> id) {a <S> id)uj 

= {a' {if) ® id)u ^ {id ® Cj){a' {if)) 

where in the last hne we view a'{(p) as a mapping B — > on the left and as 
an element oi A®B' on the right. 

For the converse, iiuj : B' ^ N is any map, we can write uj{'^) = {ip®id)uj 
for some uj G B®N . Then the calculation above shows that Co is A-equivariant 
only if {if ®id® id) {a ® id)u! = {ip^id® id) {id ® 7i)u! for all (p E B'. Hence 
u e M. 

The second statement follows easily from the first. Since B' is finite 
dimensional, we have the isotypic component B'^^ ^ for only finitely many 
7 G A. By ergodicity, any particular isotypic component of N is finite 
dimensional. Thus we are essentially counting linear maps between two finite 
dimensional spaces, and LinA{B' , N) is finite dimensional. 

□ 

Before we defined the Berezin symbol cr : B — > via cr(T) = {tr (8) 
id){{P®l)a{T)) . Taking into account the isomorphism in the above example, 
we make the following definition. 

Definition 5.5 Let A, {a,B), {n,N), and M be as above. The Berezin 
symbol a : M ^ N is defined as the map: 

a{u;) = {tr O id){{P O l)a;). 

It's clear that a is completely positive and unital. 

As before, we can consider the if-invariant elements of N. Namely, we 
let ^{x e N \ ^-k{x) = X, G H}. 

Proposition 5.6 The Berezin symbol a : M ^ N is injective, and its image 
is contained in . 

Proof: Let G A! . We compute: 

<^7r((7^) = ^'K{{tr ®id){{P ®l)u)] = {tr ®id){{P ®l){id® (l)®id){id®Ti)u) 
= {tr®(j)® id){{P ®l®l){a® id)uj) = {tr ® id){{a^^^{P) ® l)uj). 
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If = 0, then this calculation shows lo G B N must be zero. Indeed, we 
can select from {^^(P)} an orthonormal basis for B. Writing as a sum 
of elementary tensors in terms of this basis and using the above calculation 
shows uj = 0. Also, if (p in the above calculation is taken to be in H, then 
o K G if as well, so that ,^7r((Tt^) = a^j. 

□ 

Most of the proof of Theorem 15.21 will be done by reducing to the case 
where N = A, which we have proven before. Our main tool for accomplishing 
this will be using the linear functionals on A^. We give the first such result 
here. 

Lemma 5.7 Let x & N and let ip G >S'(A^) be a state on N, so that vr^ = 
{id®ilj)Tc : N A. Then A(7r^(x)) = {id ^ 'k^){7t{x)). If x e , then 
n^{x) G A^ . In other words, we have vr : A^^ A^ (8> A^. 

Proof: We have 

A(7r^(x)) = A[{id®ij)7i{x)] 

= {id®id<S)ip){A®id){n{x)) 

= {id ® id ^ ip){id ® ti){tt{x)) = {id ^ tt^) {n {x)) . 

Let U : A B he the state stabilizer of P. For x G A^^ we have (11 ® 
id)7r{x) = 1b <^ X. Thus 

{U(^ id) A{7r^{x)) = {U ® id){id ® n^){n{x)) 
= {id®TT^){U(»id){7T{x)) 
= {idlS)rc^(,){lB'S)x) = 1b'S){tc^{x)). 

□ 

Finally, we relate the Berezin symbol for M to the one on i3. If G M 
and ip ^ S{N), we can compute the Berezin symbol of {id ® ■iIj)^ G B. 

Lemma 5.8 Let uj e M (Z B ® N and i) e S{N). Let a : M ^ be the 
Berezin symbol on M and let q : B ^ A^ be the Berezin symbol on B. We 
have: 

<;[{id (g) iIj)uj] = n^{(Tuj)- 
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Proof: 



<;[{id ® tp)uj] = {tr ® id) [(P ® l)a{{id ® ip)uj)] 

= (tr (g) i(i)[(P (g) l){id ^ id ® tp){{a ^ id)Lj)] 
= {tr ® id ® iIj)[{P ® 1 ® l){{id ^ tt)uj)] 

= TT^[{tr(g)td){{P^l)Lu)]=TT^{a^). 

□ 



5.2 The Berezin Adjoint and the Berezin Transform 

In this section we give the formula for a : A^'^ M and develop its prop- 
erties. Unlike in the case for N = A, there is no natural inner product on 
, so a really won't be the adjoint of a in any sense. We could just write 
down the formula for a by comparison to the case with N = A, but that 
would not tell us "why" the image of a is contained in M. To motivate the 
definition then, we first look again at the map : B^A ^ B. The following 
proposition is motivated from Section 5 of |Pilj . 

Proposition 5.9 Let E : B®N ^ B®N he given by E = {a^ (g) id) {id (g n) . 
Then E is an idempotent mapping from B ® N onto M . 

Proof: By Lemma [2.131 we have 

{a®id)E = {a®id){a^ ®id){id®Ti) 

= {a^^ IS) id id) {id IS) A IS) id) {id IS) n) 

= {a^ S id S id){id S id S ■7T){id S Tc) 

= {idSn){a^ Sid){idS7[) = {idS7i)E, 

so that the range of E is contained in M. Also by Lemma 12.121 we have if 
uj e M then 

E{u;) = {a^ S id) {id (g n) {u) = {a^ S id) {a S id) {to) = {id S id) {to) =uj, 
which shows E maps onto M and is idempotent. 

□ 
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Remark. Consider the map : B(T-C) ^ A ^ BiTi). The proof of Proposi- 
tion U3] essentially shows that for A of Kac-type, then is positive. In this 
case, the map E : B ^ N —>■ M is positive, so it is almost like a conditional 
expectation. (The only difference is that a\ and hence E, is not completely 
positive.) It seems that the main difficulty in defining Berezin quantization 
for general coamenable compact quantum groups is that this map E is not 
positive. 

We can now define the Berezin Adjoint. Consider the case when N = A 
from before. In this case we have defined aa = dna\P ® a) E B. Taking 
into account the identification a : B M we have that 

tt(<5"a) = d-)^(a o a'^)(^P a) 

= d'H{a^ ® id){id ® /\){P ® a) 
= dnE{P ®a) eM. 

This now motivates our definition for a in the current setup. 

Definition 5.10 Let a : B B ® A and : N A ® N he as above. The 
Berezin Adjoint is the mapping a : A^''^ — ^ M via 

= duE{P®x) 

= dfi{a^ (S) id){id ® 'r){P ® x) 

= d-yiiid ® h o m id){{id ® K)a{P) ® ^{x)). 

By the same computation as in the proof of Proposition 14.31 we see that a 
is a positive unital map from to M. Note that here we must use that A^ 
is a C*-algebra, so that x > is equivalent to x = yy*. 

It is not clear from the definition that a : A^^ — >■ M should be surjective. 
Since a isn't really an adjoint of a in any sense, we cannot appeal to the fact 
that a is injective as we did before. One can show by a calculation similar to 
the one in the proof of Lemma [2.131 that E[a^{T) ® x) = E(T ® (p^^ix)) for 
any G A! . Setting T = P, it follows that the extension of a to A^ defined 
by the same formula is surjective. Moreover, taking G -ff, it follows that 
cr{x) = (T((^7r(x)) for any x & N and any G -ff. However, this is not enough. 
Since we are using order unit stabilizers, there's no reason to expect that H 
has a Haar measure, so there is no way by "averging" over H to get that 
a : A^^ ^ M is surjective. 
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To get around the surjectivity problem (and others), we will relate the 
Berezin Adjoint on to the one on . If x G A^^ and ip G 5'(A^) we have 
7r^(x) G by Lemma [5 .Tj so we can compute the Berezin adjoint of 7r^{x). 

Lemma 5.11 Let a : A^^ ^ M be the Berezin adjoint on , and let 
<j : A^ ^ B be the Berezin adjoint on A^ . We have q{TT^{x)) = {id^ip)a{x) 
for any x G A^^ and ip G S{N). 

Proof: We compute: 

<?(7r^(x)) = dna^iP ^[{id^tp)7T{x)]) 

= d'H{id®%l)){a^®id){id(^Tx){P®x) 
= {id® il))a{x). 

□ 

As before, we wish to estimate how far a o a and a o a are from being 
the identity operators on M and on A^^. The resulting expression for a o a 
is exactly the same as it was in Proposition 14. 7[ 

Proposition 5.12 Consider the composition a o a : — > A^'^. Let x G 
A^-^. We have {a o a)(x) = hp^^ix) = (hp (g) id)Ti{x). 

Proof: We have 

{aoa){x) = dncr{{a^ 'S)id){id®)7r){P ® x)) 

= dn{tr ® id)[{P ® l){{a^ ® id){id ®7r){P® x))] 
= dnitr(g)h®id)[{a{P)®l){P®n{x))] 
= dn{h®id)[{';p®l)7T{x)] 
= {hp ®) id)n{x). 

□ 

To obtain a sequence of operator systems M", we proceed exactly as be- 
fore. Namely, we replace the unitary representation {u,T-C) of A by (m"',?^"'), 
the cyclic subrepresentation of 7i®" generated by Again, we assume 

that (m",?^") is irreducible for all n G N. By Proposition 13.201 we have 
a" : M" ^ for all n. Similarly, we have a"" : ^ M". The following 
proof is virtually identical to that of Proposition 14.131 
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Corollary 5.13 The sequence of operators (o"" o a") : converges 
strongly to the identity operator on . 

Proof: Let x G . By the previous proposition we have (a" o a"'){x) = 
[hpn®id)Ti{x). By Lemma I^TTl we have tt[x) G ®N. Since hp 
weak* to e on , we have [hpn ® id) converges strongly to {e ® id) on 
A" ® N. Thus lim„^oo(o"" o <t")(x) = {e ® id)iT{x) = x. 

□ 

For n G {0} U 1/N, let A^o = and Nn = M^'^. We have for each ^ ^ 
a positive unital mapping a"^/^ : A^^q — > A/^/j. 

Corollary 5.14 The collection of operator systems {Nfi \ h G {0} U 1/N} 

with the mappings a^/^ is a strict quantization of . 

Proof: This follows immediately from Corollary 15.131 and Theorem 12.41 □ 



5.3 Lip- norms on N and M 

In the previous sections we constructed a sequence of operator systems 
together with positive unital mappings a"" : — > A^'^ and a" : A^"^ — > M". 
We also showed that the mappings a"" : A^'^ give a strict quantization 

of A^^. In this section, we will put Lip- norms on A^"^ and M" and show 
that the quantum metric spaces converge to A^"^ in quantum Gromov- 
Hausdorff distance. 

There is one major difference between our current setup and the case 
where N = A. In that case we had that the operator systems iS" and A^ 
each carry actions of A. The reason for this is because A^ is the set of points 
of A fixed by H for the right action of A on itself. However, A also acts on 
itself on the left. Since this left action commutes with the right action of A 
on itself, it decends to a left action of A on A^ . 

In our current scenario, A^ has a right action of A, but no left action. Thus 
after taking A^^ as the set of points fixed by H, no action of A remains. The 
closest result we have is that of Lemma [53 namely, that vr : A^^ — > A^ ®N . 
Similarly, we have (id^ir) : M B^A^N. Of course, A^ itself is an ergodic 
right y4-module algebra, so any regular Lip-norm on A induces a Lip-norm 
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on A^. Similarly, since (id (g) tt) : B (S> N ^ B <^ A<^ N , we obtain a seminorm 
on B^N hy 

L{u) — sup La[{iIj id ® (f)){id ^ tt){uj)]. 
ipeS{B),4>eS{N) 

We can then restrict these seminorms to the order unit subspaces and 
M. We will see that they are Lip-norms later, but we prefer to demonstrate 
the computations first. 

In the sequel, we will be doing a lot of computations with the induced 
Lip-norm, and variations of it. Hence we develop a special notation. 

Notation 5.15 Let A and B he order unit spaces, and let La he a seminorm 
on A. We denote byLA®\\ the seminorm on A® B given by: 

{La<S> \\){u}) ^ sup LA{{id(® (p)u}) \/ueA®B 
ipeS{B) 

Similarly, if Lb is a seminorm on B, we have a seminorm \ \ <S>Lb on A®B, 
and so forth. 

For example, the seminorm on B ® N above can now be written as L{!jj) = 
(\\® La0 \\){id® 7r)(uj), or more simply, L — {\ \ La ® \\)(id07r). 

For convenience we include a table that rewrites our previous notions in 
this notation. 



Concept 


Old Formula 


New Notation 


La left-invariant 


LA{a) 


= sup^GS(A) LA{^A{a)) 


La^ 


(II® 




La right-invariant 


La{o) 


= SUp^65(A) LA{\{a)) 


La = 


{La' 


»||)A 


Induced Lip-norm, Left Module 


Lsib) 


= sup^g5(B) La{ v-vr(6)) 


Lb = 


(II® 


La)t^ 


Lb invariant 


Lsib) 


= sup^G5(A) LeMb)) 


Lb = 


{Lb 


® IDtt 


Induced Lip-norm, Right Module 


Ln(x) 


= SUp^g5(7v) LA{7r,p{x)) 


Ln = 


{La 


® IDtt 


Liv invariant 


Ln{x) 


= sup^gs(A) Ln{ ^Ti{x)) 


Ljv = 


(ll« 


) Ljv)7r 



Go back to the case of the regular module N = A. We have two potential 
Lip-norms on A^ . One is the Lip-norm described just above by restricting 
the Lip-norm of A. The other is the Lip- norm that we originally used, which 
is obtained from the action of A on A^ . Similarly, we have a Lip-norm on B 
obtained by restricting the seminorm above onB^AskS well as the Lip- norm 
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induced from the action of A. It would be nice to relate these Lip-norms to 
each other. For now, we use L^^h and to denote the Lip-norms on 
and B = M hj the restrictions, and we let C^n and Cb be the Lip-norms 
induced by their remaining actions of A that were considered in Section 4. 

Lemma 5.16 Let La he a regular Lip-norm on A. With the notations above, 
we have L^h = C^h whenever La is left-invariant. We have Lq = Lq 
whenever La is right-invariant. 

Proof: 

Let a G A^ . By definition we have: £^//(a) = sup s {ah ) La{ 0A(a)). 
Since e G S{A^), we have £^H(a) > Lyi(eA(a)) = LA^a). On the other hand, 
there is a Hahn-Banach Theorem for states which gives that every state on 
A^ is the restriction of a state on A. Thus £^ff(a) = sup0gg(^) La{ ^A{a)). 
Finally, La is left-invariant says exactly that La{ ^A{a)) < LA{a) for all 
G S{A). So for La left-invariant we have £^H(a) = -L^(a) = L^£r(a). 

Let T E B. Then T is identified with a{T) G M. Assuming La is 
right-invariant means that La = {La ® ||)A. We compute 

Lis{T) = LM{a{T)) = (|| ® ® ||)((« ® 2c?)«(T)) 

= (II A)a(T)) 
= (||®L^)(a(T)) = £e(T). 

□ 

The following statement is an analog of Proposition 14.151 and the proof 
remains the same. Note however that we cannot necessarily take the same 
sequence 5„ that we took in Proposition 14.151 

Proposition 5.17 Let L be any Lip-norm on . Then there exists a se- 
quence of positive real numbers {5„}„gN converging to zero such that ||(cr" o 
- x|| < L{x)Sn for all x G A^^^. 

Proof: As before, we show that for any 6 > 0, there exists an A^ G N such 
that II (cr" o - a;|| < L{x)6 for all x e and all n > Ns. 

Consider the linear operator T : A^'^ A^ ® N hj T{x) = tt{x) — 1^ x. 
Clearly T is bounded and vanishes on CIat. Since L is a Lip-norm, we 
have K = T{x G A^-^ | L{x) < 1} is totally bounded. Also {e id)T{x) = 
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{e ^ id){7T{x) — 1 ® x) = X — X = 0. By Lemma [4.14[ there exists a function 
/ G C{S{A^)) such that /(e) < 5/2 and ||(/i®irf)(7r(x)-l®x)|| < /(/x) for all 
yu G S'(y4^). By Proposition [5II2] we have (cr"oo-")(x) = {hpn(g)id)TT{x). Then 
forL(a;) < 1 we have ||((T"oa")(x)-x|| = \\{hpn^id){Tr{x)-mx)\\ < f{hpn). 
Since / is continuous in the iy*-topology and f{e) < 6/2, we can find a 
Ns eN such that f{hpn) < 6 for all n > Ns. Then for all x G iV^ we have 
||((T"oa")(x) < L(a;)(5. □ 

Our next goal is to prove the analog of Proposition I4.20[ Since there is 
no action of A on A^'^ or M", there is no hope of generalizing the argument 
of Proposition 14.201 directly. However, we can use our results from Lemmas 
15.81 and 15.111 to carry the exact same sequence 6n from Proposition 14.201 to 
the current situation. This is one of the reasons that we worked out the case 
where N = A completely first, because ultimately we would need to reduce 
the general case to that case anyway. Again, we use the symbols ^ and <^ to 
denote the Berezin symbol and the Berezin adjoint on B and on A^ . 

Lemma 5.18 Let ip G S{N), so that {id ®il)):Al ^ B. Then we have 

{id 0ilj){a o a) = (<j o ^) {id (g) ip) 

Proof: Let G M C B®N . By Lemma [5l8l we have q[{id®ip)uj\ = ^TT{a^). 
Now using Lemma [5. Ill we have {^oc;){id^ip){u) = ^{^^{o-^)) = {id®ip){ao 
a){uj). □ 



Proposition 5.19 Let {^^„}neN be the sequence from Proposition \4-2C{ Then 
for all iu G M" we have ||((t" o (t")(cj) - < L„(cu)^„. 

Proof: Let ip G S{N), so that {id ® ip)uj G Using the Lemma 15.181 we 
obtain 

Thus we compute: 

Lt3^{{id(^ij)uj) = {\\(^LA){a''[{id®tp)uj]) 

= {\\(^ LA)[{id®id(^ilj){a"' ®id)uj] 
< (II ||)((a"®irf)cj) = L„(cj) 

So we have for all V e ^(A^) that \\{id ® V^)[(<t" o a")(cj) - cj]|| < Ln{uj)0n- 
Thus II ((t" o cr")(cj) - uj\\ < L„(cu)5„. 

□ 
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5.4 Equivariance and Convergence in Quantum Gromov- 
Hausdorff Distance 



Using Propositions 15.171 and 15.191 we can repeat the argument from Section 
4.5. The only subtlety is in using Lemma 14.211 because our spaces 
and do not have actions of A. However, our Lip-norms on A^^ and on 
M come from restricting the seminorms on N and on B ^ N, so we can 
use equivariance at that level to show our symbols are contractive for the 
seminorms. 

We consider the extensions of a and if to all of B^N and N, respectively. 
That is, we consider the operators a : B ® N ^ N defined by 

(y{uj) = {tr ® id)[{P l)uj] 

and a : N ^ B^ N hj 

= dnE{P®x) 

= du{a^ ® id){id ® 'k){P x) 

= d'j^{id ® h o m ® id){{id ® K)a{P) ® 7r(x)). 

It follows by Proposition 15.91 that a actually maps all of into (and onto) 
M, but we will still view it as a map into B ® N . 

First off, we have an ergodic right action : N ^ A ® N oi A on N . 
Thus given any left-invariant Lip-norm La on A, we obtain by Proposition 
12.181 an invariant Lip-norm L^y on by Lj^ = {L^ ® ||)vr. By Proposition 
12.61 we can see that the restriction of a Lip-norm to an order unit subspace 
is a Lip-norm on the subspace. So the restriction of Ljv to A*"^ is a Lip- norm 
on A^^, as desired. 

Almost the same argument works for M as well. It's easy to see that the 
action ti : N ^ A N induces a right action U: Bi^N^Ai^Bi^N, 
where 11 = ("(9 id){id ® vr), where "d-.B^A^A^B is the flip map. Also, 
the seminorm defined on B ® N above as L^^n = {\ \ ® La ® \ \){id ® n) is 
the same as the usual seminorm induced on B ^ N from La using the right 
action 11. However, this seminorm is not a Lip-norm on B ^ N because H is 
not ergodic. The fixed set of H is ;B ® 1. However, there are no nontrivial 
fixed elements in M (1 B ® A, and it's routine to check that the restriction 
of Ls^N to M is a Lip-norm. 

Again, consider the extensions of the Berezin symbol and Berezin adjoint 
a : B ® N ^ N and a : N B ® N . We must show that a and a are 
equivariant for the right actions vr on A^ and 11 on B ® N . 
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Lemma 5.20 The maps a : B®N ^ N and a : N ^ B®N are equivariant 
for the right actions it on N and U on B ® N . That is, we have: 

{id®a)I{{uj) = 7r(cr^) yco e B ® N 

{id®a)iT{x) = n(a(x)) Vx G iV. 

Proof: For the equivariance of a, we recall that = (tr ® id){{P (g) l)uj). 
We have: 

{id a)U{uj) = {id® a){'d ®id){id®'K){uj) 

= {id®tr ®id){{l ® P ® l)[{d ® id){id ® 'k){u)]) 
= {tr ®id® id){{P ®l®l){id® ti){u})) = n{cT^). 

For the equivariance of a, we recall that cr{x) = d-}i{a'^ ® id){P ® 7r(a;)). 
Thus we have: 

{id®a)Tx{x) = d-yi{id® ®id){id® id® 'n){{l® P ®1)tx{x)i^) 
= dn{^ ® id){a^ ®id® id){id ®id®n){P® tt{x)) 
= d-H{^®id){id®'K){a^ ®id){P ®Tx{x)) 
= dnTl{a^ ®id){P ®it{x)) = Il{a{x)). 

□ 

Corollary 5.21 Let cu E B ® N and x E N. We have Ln{o'u;) < Ls(^iy{uj) 
and Le®iv((T(x)) < L]\f{x). In particular, a and a are contractive for the 
Lip-norms on and M. 

Proof: The proof of Lemma 14.211 does not use the ergodicity assumption, 
except in stating that the induced seminorms are Lip-norms. This gives the 
first statement. The second follows since the Lip- norms on A^-'^ and on M 
are the restrictions of the induced seminorms on and on B ® N. □ 

Using this corollary and Propositions 15.171 and \5A9\ it is straightforward 
to repeat the steps of Section 4.5. Hence we have our main theorem. 

Theorem 5.22 Let A be a coamenable compact quantum group of Kac-type, 
and let {u, Ti) he an irreducible unitary representation of A with primitive-like 
vector C, E Ti. Let N be a C* -algebra, and let it : N A ® N be an ergodic 
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right action of A on N. Finally, let La he an invariant regular Lip-norm on 
A. 

Let P e B[7i) he the rank one projection corresponding to ^, and let 
H C S{A) he the state stahilizer of P under the action a{T) = u{T®l)u* . Let 
(1 N he the set of H -invariant elements of N, and consider the sequence 
of finite dimensional spaces = {uj E B"' ® N \ (a" (8> id)u! = {id ® Tr)^^}. 
Let L and L^ he the Lip-norms induced on and on M" hy La- 

Then the sequence of quantum metric spaces {M^, Ln) converge to {N^ , L) 
in quantum Gromov-Hausdorff distance as n — > oo. 

6 Examples 

In Section 3 we described in detail the commutative quantum group C{G) 
for G a classical compact group, and we computed the quantum group sta- 
bilizer and state stabilizer for any vector in any unitary representation of 
C{G). We did the same thing for the cocommutative quantum group G*{T) 
for r a discrete group. For G a semisimple Lie group, the Berezin Quan- 
tization coming from the right regular representation of G{G) is the usual 
Berezin Quantization of a coadjoint orbit. There are no interesting Berezin 
Quantizations that come from C*(r), because all of the irreducible unitary 
representations of C*(r) are one dimensional. 

In this chapter we repeat some of this program for other compact quantum 
groups. In the first subsection we describe some of the other well-known 
quantum groups from the literature. In Section 6.2 we describe briefly the 
growing literature on ergodic actions of compact quantum groups. In Section 
6.3 we compute some of the quantum group stabilizers and state stabilizers for 
representations of these quantum groups. Finally, in Section 6.4 we construct 
some Berezin Quantizations from ergodic actions. 

6.1 Examples of Quantum Groups 

6.1.1 Theta-Deformations of Quantum Groups 

In |Re4j . Rieffel gives a general proceedure for deforming a C*-algebra using 
an action of and a skew-symmetric form on M.'^. Let A be a compact 
quantum group, and let 11 : A ^ C(T) be a toral subgroup of A. Let t 
be the Lie algebra of T. Then we have actions of the abelian group t on A 
by either left or right translation. We can use the proceedure of |Re4j to 
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deform A as a C*-algebra. A natural question is whether we can deform by 
some particular action so that the deformed C*-algebra is actually a compact 
quantum group. This question is addressed for the case A = C{G) in [Re5] . 
and is discussed for general A in |Wa3] . 

We sketch the results here. Let A is a compact quantum group and let 
11 : A ^ C{T) be a toral quantum subgroup of A. Let t be the Lie algebra 
of T. Then there are two natural left actions of the underlying abelian group 
of t on the underlying C*-algebra of A given by left and right translation. 
Let s and t be elements of t. Explicitly, we have two commuting actions 
A : t ^ C*-Aut(A) and p : t ^ C*-Aut(A) given by 

As = (5exp(--s)n ® id) A, pt = {id (g) 5exp(t)n) A, 

where exp : t — > T is the exponential map, and 5exp(t) ^ C{T)' is evaluation at 
exp(t). Since these actions commute, we have an action a : t©t C*-Aut(A) 
of t © t on the underlying C*-algebra of A given by 

«(s,t) = ^sPt- 

If ^ is a skew-symmetric bilinear form on t, we can consider the skew- 
symmetric form J = 6 (B (—0) on t © t and perform Rieffel's deformation 
procedure of A with respect to the action of t© t. That is, we let A°° C A be 
the dense subalgebra of smooth functions for the action. We then consider 
the product x fu on the algebra A°° given by the oscillatory integral 

(a x^j b){x) = ]^ I a^s,t){a)a(u,v){b)e^^^'''''~^^'''^dsdtdudv. 

Here, we set d = dim{t). We denote A°° with this deformed product by 
A'^j. Then Rieffel's deformation of A by the action a with respect to the 
skew-symmetric form J is defined to be the universal enveloping C*-algebra 
of A'^j, and it is denoted by A^j. 

In |Wa3j ■ Wang showed that in fact the resulting algebras Afu are quan- 
tum groups. He first shows that the polynomial subalgebra A is always con- 
tained in He then defines the polynomial subalgebra Anj to be equal to 
^ as a linear space, but with the multiplication defined above. Wang shows 
that the undeformed coproduct, counit, and coinverse of A also give Anj the 
structure of a Hopf algebra, and the extension of the coproduct to Afu makes 
it into a quantum group. 
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We note that since Anj = ^ as a coalgebra, we have that Afu is of 
Kac-type if and only if A is of Kac-type. If u : Ti Ti. ^ A is any finite 
dimensional unitary representation of A (so that the matrix coefficients of u 
lie in A), then u will automatically be a representation of A^j also, since Anj 
has the same coalgebra structure as A. In Proposition 3.8 of |Wa3] . Wang 
checks that u is still unitary as a representation of Afu, so the representation 
theory of Aju is identical to that of A, except that the tensor product of 
representations gets twisted. It follows from Proposition 6.1 of |Banl] that 
Ajij is coamenable if and only if A is coamenable. 

The description just given is that of Rieffel's deformation for arbitrary 
actions of M.'^ on a C*-algebra. Since our action comes from the action of a 
torus, we can actually write down a simplier expression for deformed product, 
as is described at the end of Chapter 2 of |Re4 j . Consider the action a above 
not as an action of t © t, but as an action of T © T on A. We write A as 
the direct sum of its weight spaces (i.e. isotypic components) for this action 
of T^. We have as a graded algebra A^^^ = 0„g22d An, where d = dim{T). 
Then the deformed product on A^j is given by 



where : ffi ^ C is the exponential map efi{t) = exp{2TTiht) . In the following 
sections, it will be convenient to use the oscillatory integral formalism for a 
few of our abstract arguments, but to avoid having to define (or compute) 
oscillatory integrals, we will use this graded expression for the deformed 
product in our computations. 

6.1.2 q-Deformations of Classical Lie Groups 

Again, let G be a Lie group, and let g be its Lie algebra. Then the uni- 
versal enveloping algebra Uq has a natural Hopf algebra structure. In the 
literature, a g-deformation of G is often defined to be a deformation of Uq 
in the category of Hopf algebras. This picture is in some sense dual to the 
picture we have adopted, where one wants a deformation of the algebra of 
continuous functions C{G). Again, Proposition 6.1 of [Banlj shows that q- 
deformations of Lie groups are always coamenable, but they are in general 
not of Kac-type. For this reason, we will not give a general construction for 
deforming a classical semisimple Lie group. We will just give Woronowicz's 
description of quantum SU{2). The reader interested in g-deformations of 
more general Lie groups may consult [Klj . 
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We turn to Woronowicz's description of C{SUq{2)). See |Wo2j for more 
details. Let q G [-1,1]. We let C{SUg{2)) be the universal C*-algebra 
generated by two elements a, c with the relations: 



a*a + c*c 
aa* + q^cc* 



1 



1 



cc 



Note that 




ac = qca 
ac* = qc*a. 

a* a + c*c = 1 [■ • So if we let g = 1 in the 



definition of C{SUq{2)) above, we get exactly the relations for the coordinate 
functions of SU{2). Note also that if we consider the element U G M2 ® 



then the defining relations for C{SUq{2)) say exactly that U is a unitary 
element of M2 ® C{SUq{2)). 

We define the coproduct onC{SUq{2)) to make U a unitary representation 
of C{SUq{2)); that is, we define A by the equation {id ® A)U = f/(i2)t^(i3)- 
In terms of the generators we have 



Woronowicz shows that for g 7^ this coproduct makes C{SUq{2)) into a 
compact quantum group. 

We will not consider the general irreducible representations of C{SUq{2)) 
in the sequel, but we note that they are deformations of the representations 
of SU (2). Note that the matrix U G M2 <^ C{SUq{2)) above is a unitary rep- 
resentation of C{SUq{2)) that deforms the standard representation of SU(2). 

Finally, we shall need a result due to Woronowicz about the structure of 
C{SUq{2)) as a C*-algebra, namely that all of the C*-algebras C{SUq{2)) are 
isomorphic for q G (—1, 1), even for q = 0. This will make our computation 
of stabilizers for actions of C{SUq{2)) much easier, because Summary 13.191 
explains how the quantum group stabilizer and state stabilizer of an element 
in a unitary representation of a quantum group can be computed from the 
representation theory of the underlying C*-algebra of the quantum group. 



C{SUq{2)) given by 




A(a) 
A(c) 



a ® a — qc* ® c 
c ^ a + a* ^ c. 



80 



6.1.3 The Universal Compact Quantum Groups 

The unitary groups U (n) are more or less universal for compact Lie groups. 
That is, every compact Lie group is a subgroup of U{n) for some n eN. One 
is then led to ask whether there is a list of compact quantum groups with the 
property that any compact quantum group is a quantum subgroup of exactly 
one of these universal compact quantum groups. In [VP] Van Daele and 
Wang defined two sets of universal quantum groups, Au{Q) and Bu{Q). They 
showed that every compact quantum matrix group is a quantum subgroup of 
some Au{Q), and every compact quantum matrix group with a self-conjugate 
fundamental representation is a quantum subgroup of some Bu{Q)- The 
question of uniqueness then comes down to understanding the structure of 
the quantum groups A^iQ) and B^iQ), which is worked out in [Wal ]. 

We recall the definitions of Au{Q) and Bu{Q). Let Q G M„(C) be a 
positive and invertible matrix. Both Au{Q) and Bu{Q) are defined in terms 
of generators Uij. Denote by u the formal matrix with entries Uij. Then 
the defining relations for Au{Q) and B^iQ) are: 

Au{Q) : u*u = In = uu*, u^QuQ'^ = In = QuQ~^u*; 

Bu{Q) ■ U*U = In = UU*, U^QuQ'^ = In = QuQ~^u\ 

where m* is the matrix {uji), u = {u*j), and u* = {u*^). The coproduct in 
either case is given by A{uij) = T^kUik ® Ukj. 

Both Au{Q) and Bu{Q) are Kac-type if and only ii Q = In- For n = 1 
both AuiQ) and B^iQ) are isomorphic to the circle C{S^). For n = 2 we 
have Bu{Q) is isomorphic to C{SUq{2)) for an appropriate value of q |Ban5j . 
Other than in these degenerate cases, Au{Q) and B^iQ) are never coamenable 
jBiES] . 

Banica computes the fusion semiring for Au{Q) for Q > in |Ban2] . 
In particular, he shows that if u is the fundamental matrix representation of 
Au{Q) above, then u®^ is irreducible for all G N. In particular, any nonzero 
vector ^ G C" is a primitive- like vector for u. 

6.2 Ergodic Actions of Compact Quantum Groups 

Let G be a compact group, and let a : G ^ Aut{B) be an ergodic action 
of G on a C*-algebra B by *-homomorphisms. By ergodicity, we see that 
averaging over the action of G gives a unique G- invariant state on i?. In 
|Hoj they show first that for fi E G, the /i-isotypic component of B is finite 
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dimensional, and has multiplicity at most dim{fi). Secondly, they show that 
the unique G-invariant state on i? is a trace. In particular, we see that any 
operator algebra that admits an ergodic action of a compact group must be 
nuclear and finite. 

In |Bo] . Boca generalizes the first part of the HLS theorem to compact 
quantum groups. Let a : B ^ B ^ A he an ergodic A-module algebra, and 
let 1/ G A. Then Boca shows that the multiplicity of in i? is bounded by the 
so-called quantum multiplicity qdim{v). See |Bo] for definitions and details. 
As before, we see that if an operator algebra admits an ergodic action by a 
compact quantum group, it must be nuclear. 

As in the group case, given an ergodic action a : B ^ B ® A vfe obtain a 
unique 74-invariant state on i? by 0(6) 1_b = Oi^ip). However, we do not have 
that (p is generally a trace on B. For example, let Q G M„(C) be positive, and 
take the universal algebra Au{Q) described above. Then we have an ergodic 
action of Au{Q) on M„(C) by a{T) = u{T^l)u*. In |Wa2] Wang shows that 
the A-invariant state on M„(C) is given by </>q(T) = tr{Q^T), which is not a 
trace. Wang goes on to consider the inductive limit of the module algebras 
Mni'C)^'' and produces for A G (0, 1) an example of an ergodic action of some 
Au{Q) on the hyperfinite type IIIa factor. 

There is a duahty for ergodic actions of compact quantum groups re- 
sembling the Tannaka-Krein duality for quantum groups [Pi2j. More or 
less, to an ergodic action a : B ^ B ® A one associates the functor 
from Lb '■ Rep(A) — > Hil which is given on irreducible representations by 
Lb{v) = By, the conjugate Hilbert space of B^, and extended linearly for di- 
rect sums. Then is a ^-preserving quasitensor functor, and [Pi2] classifies 
all such functors arising from ergodic actions and gives an inverse associ- 
ation. Consequently, in the literature one will often find constructions of 
ergodic actions of quantum groups that actually just construct this kind of 
functor. 

6.2.1 Quantum Coset Spaces 

Let G be an ordinary group. The most obvious example of an ergodic G- 
action is the action of G on C{G/H) by left translation, for a subgroup 
H < G. Similarly, let A be a compact quantum group, and let 11 : A ^ i? be 
a quantum subgroup. Then we have a right action of -B on A via [Il^id)A : 
A —>■ B ^ A, and we can consider the C*-subalgebra of 5-invariant elements 
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of A 

A" = {a G A I (n (g) id)A{a) = lB®a}. 

There is also a left action of A on itself by the coproduct, which commutes 
with the right action by B, so it descends to a left action of A on A^. That 
is, we have A|^n : A^ ^ A^ ^ A. 

Similarly, we can switch the sides that A and B act on. Namely, consider 
the space 

^A = {ae A \ {id®Il)A{a) = a® Is}. 

Then we have a right action of A on ^A by the restriction of the coproduct. 
That is, we have A|n^ : ^A ^ A® ^A. 

It is shown in Section 6 of [Wa2j that these actions are ergodic. 

6.2.2 Induced Actions 

The construction of induced representations of compact quantum groups is 
worked out in [Pilj . The following discussion for induced actions is similar, 
but it is easier because we do not need to consider the L^-continuity of 
everything. 

The following construction parallels our construction of M from Section 
5. For motivation, let G be a compact group and H < G he a subgroup. Let 
a : H —>■ Aut(A^) be a right action of if on a C*-algebra N. Then we have an 
induced action of G on the C*-algebra {f : G ^ N \ f{xh) = ah[f{x)], \/h e 
H} by left translation. The more natural left translation of G on the above 
set (the left translation without the inverse inserted) is a right action of G. 

Now let A be a compact quantum group, and U : A ^ B he a. quantum 
subgroup. Let a : N ^ B ^ N he a right action of 5 on a C*-algebra N. 
Then consider the C*-algebra 

IndA(A) = {C e A (S) N \ {id ® U (g) id){A (g) id)C = {id (g) a)(}. 

Consider {id ^U) A : A —>■ A^ B a.s a. left action of B on A. Essentially the 
same computation as in Proposition 15.91 shows that [{{id^ir)Ay^id]{id^a) 
is an idempotent map from A® N onto Ind^(A), so this space is nonempty. 
It is easy to see that it is a C*-subalgebra of A ^ N. We will now check 
that (A (g) id)lndA{N) C A® Ind^(A), which says that Ind^lA) is a right 
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74-module algebra. Let ( e ladA{N). We compute: 



{id<^id<^Il®id){id(^ A(^id){A(^id)C = 



{id <^ id U id){A (g) ici (g) id){A (g) id)C 
( A (g) id (g) id) (g n (g id) (A g) i(i)C 
(A(gi(i(gi(i)(i(i(ga)C 
(id (g id (g a) ( A (g 



Thus (A g) i(i)C e ^ IndA{N), and IndA(A/") is a right 74-module algebra. 

Proposition 6.1 Suppose that ( e IndA{N) is invariant under the action 
(A (g id) . Then C, is of the form 1a ® ^, where u & N is invariant under the 

B-action a. 

In particular, if a : N ^ B ® N is an ergodic action of B, then (A g) id) : 
IndA{N) — > A (g IndA^N) is an ergodic action of A. 

Proof: Suppose ( E Ind^(A^) is invariant, so that (A(gid)C = 1a<8)C- Then 
by the definition of IndA(iV) we have 

(id(gQ;)C = (id(gn(gid)(A(gid)C 

= (id(gn(gid)(lA<gC) 
= U <g (n (g id)C. 

Looking at the first component of the tensor product gives that ( = 1a ^ 
for some u e N. Plugging this expression back in for ( and looking at the 
second components then gives q;(z/) = 1^ g) z/. That is, that i> is fixed by the 
5-action a : N ^ B ^ N. This establishes the first claim, and the second 
follows immediately from the first. □ 

One important special case is when the quantum subgroup B is an or- 
dinary torus. A torus of dimension at least two admits an ergodic action 
on a noncommutative torus. However, this action does not yield interesting 
Berezin quantizations because all the irreducible unitary representations of 
the torus are one dimensional. However, the above proposition allows us to 
use this action on the noncommutative torus to induce interesting ergodic 
actions for any compact quantum group which contains a torus. We work out 
this action explicitly for later reference. We will see that in a sense, inducing 
an action commutes with Rieffel's deformation by actions of R'^. 

Let T'^ be a torus. Then by the Fourier Transform we have C{T'^) = 
C*{Z'^). Let 9 e Mii{M.) be a skew-symmetric matrix, so that we can define 
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the skew bicharacter cg{m,n) = exp(27ri(^m, ri)) on Z*^. The noncommuta- 
tive torus C*{Z'^,cg) is defined to be the universal C*-algebra generated by 
finitely supported functions on Z*^ with the usual star f*{n) = f{—n) and 
with the twisted convolution product 

/ *e g{n) = T.rrJ{m)g{n - m)ce{m, n-m). 

There is an action of the ordinary torus on the noncommutative torus given 
by {t ■ f){n) = exp(27ri(t, n))/(n), where t e T'^ = {R/Zy. Note that this 
action is essentially independent of 9. It is easily seen to be ergodic. 

Let A be a compact quantum group, and let 11 : A — >• C(T'^) be a toral 
quantum subgroup of A. For any a & A, we can view {id®lV)Aa as a function 
from T'^ to A. We will denote the value of this function at a point s G T*^ 
by As (a). We wish to understand the ergodic action of A induced from the 
action of T"^ on C*{Z'^,ce). 

We view A^C*{Z'^, ce) as the C*-algebra generated by finitely supported 
y4-valued functions on Z'^ with the same twisted convolution product above. 
We denote the value of a function ( e A® C*{Z'^, cg) at n e Z'^ by Cn- Then 
we have 

IndA(C*(Z^ce)) = {Ce A®C*(Z^ce)|A,(C„) = exp(27r2(s,n))C„,Vs G T^Vn G 

We see that IndA(C*(Z'^, c^)) is precisely the set of functions ( E A ® 
C*{Z'^,cg) such that the value of C at n G Z'' lies in the n-th isotypic com- 
ponent of A, when A is viewed as a T'^-module via the action {id ® n)A. 
Denote this isotypic component by An. We have that as a linear space 
lndA{C*{Z'^,cg)) is a completion of 0„g2<i ^n- Of course, A itself is also a 
completion of 0„g2d An as a linear space (and as a graded algebra). 
If X ^ Ind^(C*(Z'^, Cg)), then their product is given by 

(C * X){n) = S„ (mXn-mCg{m,n - m). 

Let t = M*^ be the Lie algebra of T''. We have an action of the underlying 
abelian group of t on A given by x • (a) = Acxp(x)('^)- We can then use the 
skew-symmetric form 9 and the action of t on A to produce a deformed C*- 
algebra Ag according to Rieffel's deformation )Re4] . Using the graded formula 
for the product on Ag given in Section 6.1.1, one sees that the product on 
Ag is precisely the product given above for IndA(C*(Z'^, cg)), so that we have 
IndA(C*(Z'^, Cg)) = as a C*-algebra. Our work above shows that we have 
an ergodic action A : Ag ^ A® Ag. 
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Of course, the noncommutative torus C*(Z'^, cq) is the Rieffel deformation 
of C(T'^) by the action of t with the skew form 6. This example essentially 
says that the process of inducing the T'^-module C (T*^) to an vl-module com- 
mutes with Rieffel deformations. 

6.3 Examples of Stabilizers 

In this section we will compute some explicit examples of quantum group 
stabilizers and state stabilizers for actions of compact quantum groups. Re- 
call that our definitions and results in Section 3 did not require A to be 
coamenable or of Kac-type. 

6.3.1 Stabilizers for C{SUg{2)) 

We begin by computing the quantum group stabilizer and state stabilizer 
for the two simplest unitary representations of C{SUq{2)). Namely, we com- 
pute them for the standard representation of C{SUq{2)) on C^, and for the 
representation on M2(C) by conjugation. 

Consider the representation of the ordinary SU{2) on C^. The stabihzer 
of any vector in is trivial. For simplicity, take the standard basis vector 
ei e . We have: 

(:^)(o)^(:)- 

So we see that the only element of SU (2) that stabihzes ei is the identity. 

Recall the defining relations for C{SUq{2)). It is the universal C*-algebra 
generated by two elements a, c with the relations: 

a* a -\- c*c 
aa* + q^cc* 
c c 
ac — qca 
ac — qc a. 

Proposition 6.2 Let q e [-1, 1] be given. Let C/ : ^ ® C{SUg{2)) 
be the standard representation of C{SUq{2)), and let ei e be the standard 
basis vector. Then both the quantum group stabilizer of Ci and the state 
stabilizer of Ci are given by the counit e : C{SUq{2)) —>■ C. 



= 1 
= 1 

= cc* 



86 



Proof: We begin by computing = (f/(ei), ei ® 1). 



1) = a. 



To compute the quantum group stabilizer of ei, we consider the *-representations 
(vr,?^) of C{SUg{2)) that send = a to the identity operator. Looking at 
the defining relations for C{SUq{2)), one sees that vr must statisfy 

7r(a) = 1 = TT{a*) 7r(c) = = 7r(c*). 

Since both tt and e are multiplicative, we have 7r(6) = e{b)l for any b G 
C(5C/g(2)). Thus e : C(^t/q(2)) ^ C is the universal map of C*-algebras 
stabilizing ei. Thus it is the quantum group stabilizer of ei by Proposition 



Recall Summary I3.19[ To compute the state stabilizer, we must find the 
^-representations (vr,7i) of C{SUq{2)) that have a fixed vector for (7^^ = a. 
It suffices to find the irreducibles, since He^ is the closed convex hull of its 
pure states. Let (vr,7i) be an irreducible *-representation of C{SUq{2)) with 
a unit vector f G such that 7r(a)f = v. By Lemma 13.181 this implies 
7i{a*)v = V as well. 

From the relations a* a + c*c = 1 and c*c = cc*, we see that 7r(c*c)f = 
7t{cc*)v = 0. It follows that 7t{c)v = 7t{c*)v = 0. In total, we have shown 

'7r(a)f = V = TT{a*)v tt{c)v = = 7t{c*)v. 

It follows that Cv is an invariant subspace for vr. Since we are only considering 
irreducible vr, we have that Ti. = Cv. Again, we have that vr and e are both 
multiplicative. Therefore the relations above imply that TT{b)v = £{b)v for 
all b G C{SUq{2)). Thus e is the only pure state in H^^, and so ifei = {^}- 
Therefore e : C{SUq{2)) ^ C is the state stabilizer of ei. 

□ 

We move on to a less trivial example. Consider the representation of the 
ordinary SU{2) on M2(C) by conjugation. Let A = ex\i{i6) be a complex 
number of modulus 1. We wish to compute the stabilizer of the diagonal 
matrix D\ = diag[X, A]. For simplicity we take 6/27r to be irrational, so that 
the set {A"}„gz is dense in the circle. Any unitary matrix that stabilizes Dx 
must also stabilize diag[X"' , X"-] for any n G Z, so the stabilizer of Dx must 
stabilize the whole set T = {diag[exp{ia) , exp{—ia)] \ a G M}, which is the 



87 



standard maximal torus for SU{2). Thus the stabihzer of Dx is the usual 
maximal torus T C SU(2). 

We show that for the representation of C{SUq{2)) on M2{C) via conju- 
gation by the standard representation, the quantum group stabilizer of Dx 
is still the standard copy of T ^ SUq{2). However, we will see for the state 
stabilizer, the answer is quite different. 

We begin by computing the element (Jd^. 

Lemma 6.3 Consider the unitary representation of C{SUq{2)) on M2(C) 
given by T ^ U{T ®1)U* . Let Dx he the diagonal matrix considered above. 
We have 

(7d^^2-Ia + 2isin(^)(A - q^\)c*c 
Proof: We have gd^ = {U{Dx ® l)U*, Dx ® 1). We compute: 

_ f a -qc* \ f Xa* Ac* A 
~ \^ c a* J \ -Xqc Xa J 

_ f Xaa* + Xq^c*c (*) \ 

~ V (*) Xcc* + Xa*a ) ' 

So we have: 

ao, = {UiDx®l)U*,Dx®l) 

_ I ( Xaa* + Xq^c*c (*)_ \ f ^ ^ 

~ \\ (*) Xcc* + Xa*a )'\0 X 

— aa* + X^q^c*c + X^cc* + a* a 
^ 1a- q^cc* + X^q^c*c + X^cc* + 1a- c*c 



= 2-1 



^ + (A^-l + g^(A'-l))c*c. 



Notice that A^ — 1 = A(A— A ^) = 2iAsin(^), where A = exp(i6'). Similarly, 

2 

A — 1 = — 2iAsin(6'). Inserting these expressions into the equation above 
gives the desired result. 

□ 
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Proposition 6.4 Consider the unitary representation of C{SUq(2)) on M2{C) 
given by T i— > U{T ® 1)U* . Let Dx be the diagonal matrix considered 
above. Then the quantum group stabilizer of D\ is the quantum subgroup 
n : C{SUq{2)) CiT) characterized by n(c) = 0. 

Proof: 

The Hilbert-Schmidt norm of Dx is 72, so we need to find the universal 
*-homomorphism 11 : C{SUq{2)) B such that Il{a]j^) = 2 ■ 1b- By the 
preceeding lemma, we know that a *-homomorphism n : A C will send (Td^ 
to 2 • 1(7 if and only if 7r(c*c) = 0. Since vr is a *-homomorphism, this implies 
7r(c) = = vr(c*). Thus the quantum group stabilizer 11 : C{SUg{2)) B is 
the universal *-homomorphism such that 11 (c) = 0. 

This is the standard copy of T inside SUq{2). Namely, if one looks at the 
defining relations for C{SUq{2)) and adds the relation c = 0, one is left with 
the universal C*-algebra with one generator a and the relations a*a = aa* = 
1. These are the defining relations for C(T), and we have the quantum group 
stabilizer of Dx is the quantum subgroup 11 : C{SUq{2)) — > C(T). 

□ 

To compute the state stabilizer of Dx, we need to review some facts 
about the structure of C{SUq{2)) as a C*-algebra. In the appendix of |Wo2] . 
Woronowicz shows that as a C*-algebra, we have C{SUq{2)) = C{SUo{2)) 
for all q G (—1, 1). Although C{SUo{2)) is not actually a quantum group (it 
is a quantum semigroup), it doesn't matter because Summary 13. 191 explains 
how to compute the state stabilizer from the *-representation theory of the 
underlying C*-algebra of C{SUq{2)), which is just C{SUoi2)). 

Notice that the element above depends on the value of g G (—1, 1). 
However, we see that regardless of the value of q, we have G S{C{SUq{2))) 
has (j){aDx) = 2 if and only if 0(c*c) = 0. So up to Woronowicz's isomorphism, 
the state stabilizer of Dx is independent of q. 

An explicit faithful ^-representation of C{SUo{2)) is given in |Sh] . Let 
TChe a separable Hilbert space and let {ei, 62, 63, ...} be a choosen orthonor- 
mal basis for Ti. Then the unilateral shift operator S G B{T-C) is defined by 
S'(e„) = e„+i for all ri G N. It's easy to see that 1 — S'"'{S*Y is the projection 
onto the span of {ei, e„}, so that C*{S) contains all of the compact oper- 
ators on Ti. It's well-known that C*{S) is the universal C*-algebra generated 
by a single element © with the relation ©*© = 1. Of course, if we were to 
add the relation 66* = 1 we would have the universal C*-algebra generated 
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by a single unitary element, which is C(T). Thus we have a natural map 
p : C*{S) C{T). It is well known that this gives a short exact sequence: 

— > IC{n) — > C*{S) ^ C{T) — > 0. 
In |Sh] . Sheu shows that C{SUo{2)) is isomorphic to the algebra 

{/ : T ^ C*{S) I p(/(x)) = p(/(l)), Vx G T}. 

This isomorphism is determined by sending a to the constant function a{x) = 
S* and sending c to the function c(x) = xP, where P = 1 — SS* is the 
projection onto Cci. There is then a short exact sequence 

C{T) ® IC{H) C{SUo{2)) ^ C(T) — ^ 0. 

From this short exact sequence, we see that the pure states of C{SUo{2)) 
fall into two families. View the elements of C{SUo{2)) as functions on T, as 
described above. If x,y eT and ^ eH, we let 

and ^yif) = [p(/(l))](z/). 

We now determine which of these states are in the state stabilizer of Dx- 

Proposition 6.5 Consider again the unitary representation of C{SUq{2)) 
on M2(C) given by T i— U{T ® 1)U* . Let D\ he the diagonal matrix 
diag[\^X\. Then all of the pure states ipy (ii"^ in the state stabilizer of Dx. 
The pure state (f)x,i is in the state stabilizer of Dx if and only if {C,, ei) = 0. 

Proof: Let G S{C{SUo{2))) be arbitrary. By Lemma [3. 181 and Lemma [6T3] 
we have that ip G H^,^ if and only if (p{c*c) = 0. Under Sheu's isomorphism, 
we have c*c maps to the constant function c*c(x) = P. Since JCiH) = ker(p), 
we have that ipy{c*c) = for any y E T. This gives the first claim. Also we 
have (f)x,^{c*c) = {P^,0 = K^i?^^- This gives the second claim. 

□ 

We note that {ipy | y G T} is the pullback of the pure state space of the 
quantum group stabilizer 11 : C{SUo{2)) C(T) of Dx- Thus, the state 
stabilizer of Dx is much larger than the quantum group stabilizer of Dx- 
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Finally, we note that the two matrices ( i ? ) and ( ^ ^ . 1 span the 



1 y \0 -i 

diagonal subalgebra of M2(C). Since adding a scalar multiple of the identity 
will not change the stabilizers, we see that any diagonal matrix which is not 
a scalar multiple of the identity has its quantum group stabilizer given by 
Proposition 16.41 and its state stabilizer given by Proposition 16. 5[ In particu- 
lar, we have computed the state stabilizer of the rank-1 projection ' ^ ^ 





which should be important for generalizing our Berezin quantization to quan- 
tum groups which are not of Kac-type. 



6.3.2 Theta-Deformations of Stabilizers 

In Section 6.1.1, we recalled Wang's proceedure for deforming a compact 
quantum group A along a toral subgroup via Rieffel deformation. We noted 
that ifu:7i— >-7i®y4isa finite dimensional unitary representation of A, 
then we can view u : Ti. —y Ti^Afu as a representation of Afu. When viewing 
M as a representation of Aju, we will denote it by U}i. Again, by Proposition 
3.8 of [Wa3j . we have that Ufi is a unitary representation of Ar^j. 

This suggests the following question. Let u : 7i ^ Ti ® A he a. finite 
dimensional unitary representation of A, and let ^ G 7i. Suppose we know the 
quantum group stabilizer 11 : A ^ B and the state stabilizer of ^ for the 
representation u of A. Now consider the corresponding unitary representation 
un '■ 'H ^ 'H ® An,]. Can we compute the quantum group stabilizer Yin '■ 
Afij — > Bn, and the state stabilizer of C, for the representation un of Afu 
in terms of 11 and 

If one thinks about Section 5 of Varilly's paper |Vaj . it seems natural to 
assume that the toral quantum subgroup of A fixes ^. In this case, we find 
that Un is just a ^^-deformation of 11 in a sense we describe below. We also 
give evidence to suggest is a natural deformation of as well. 

Let A he a quantum group, and let 11 : A — > _B be a quantum subgroup 
of A. Suppose that B has a toral subgroup \1/ : _B — C(T). If 6^ is a skew- 
symmetric form on the Lie algebra t of T, then we can deform B with respect 
to the form J = ^^©— ^^ont©tas described in Section 6.1.1 to obtain a 
family of quantum groups Bf^j. Of course, \1/ o n : A — > C(T) is a toral 
quantum subgroup of A, so we can deform A using the same skew-form J 
to obtain a family of quantum groups A^j. We show that there is a natural 
map lift : A^j —> Bfu that makes Bju into a quantum subgroup of A^j. 
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Lemma 6.6 Let U : A B and ^ : i? — > C(T) be as described above. 

Let Afij and Bfu he the deformations of A and B using the action 0/ t © t 
with the same skew- form J. Let : Anj — ^ B^j be the composition Anj — 
A B = Bhj C Bfij. Then lifi extends by continuity to all of Anj, and 
Uji : Afij — > Bjij is a quantum subgroup of Anj. 

Proof: We have actions of t on A and B by left translation. Namely, for 
s e t we have 

Xf{a) = (5exp(-s) o*on(8)i(i)AA(a) a e A, 

and Af(6) = ((5exp(-3) o * i(i)AB(6) beB. 

Let a & A. We have that 

Af(n(a)) = (5exp(-s)0*®ic?)AB(n(a)) 
= (5exp(-s) o * o n n) AA(a) 
= n(Af(a)), 

so that n intertwines the actions of t on A and B by left translation. Similarly, 
n intertwines the actions of t on A and B by right translation. So if a"^ and 
are the actions of t ® t on and on B by left and right tranlations as 
described in Section 6.1.1, we have 

<t)(n(a)) = n(af,,,)(a)). 

Since H . A ^ B is a homomorphism of the undeformed algebras, a look at 
the structure of the deformed product 

(ai Xnj 02) (x) = I I a(s^t){o,i)a(^u,v){a2)e^^'^^"^~^*""^dsdtdudv 

shows that U^iai x^j 02) = n^(ai) xfj Iln{a2) for aU ai, 02 G Ahj- 

Since 11 : A — > S is *-preserving for the undeformed algebras, and because 

the involutions are not deformed in Rieffel deformation, we have that Un : 

Ahj Bnj is *-preserving. 

Thus : An,j Bnj is a *-homomorphism from Anj to the C*-algebra 

Bfij. Since Af^j is defined to be the universal enveloping C*-algebra of Anj-, 

we have that extends to a *-homomorphism : Afu — > Bfu. 
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Because U : A ^ B preserves the coproduct for the undeformed algebras, 
and because the coproducts are not deformed on the dense subalgebras A 
and B, we have that Hfi : Afij — * Bfu preserves the coproduct. Thus Un is 
a morphism of quantum groups. Finally, 11^ : Anj — > Buj is surjective since 
its image contains the dense set B^j, so that Un : Afu — > Bfu is a quantum 
subgroup of Afij. 

□ 

Because of this lemma, we can compute the quantum group stabilizer of 
^ for the Tinitary representation un : H ^ Af^j using a bunch of abstract 
nonsense. 

Proposition 6.7 Let u : Ti ^ Ti ® A he a finite dimensional unitary rep- 
resentation of a compact quantum group A, and let ^ G Ti. Let Tl : A ^ B 
he the quantum group stahilizer of ^. Let : B ^ C{T) he a toral quantum 
suhgroup of B (so it stahilizes Let 9 be a skew- symmetric bilinear form 
on the Lie algebra t of T, and let Afu and Bjij be the corresponding Rieffel 
deformations of A and B. 

Consider the corresponding unitary representation Ufi : Ti ^ Ti ® Af^j. 
Then the quantum group stahilizer of E TC for the unitary representation 
uji is given hy the quantum suhgroup Ufi : — >• Bfij of Aj^j. 

Proof: 

Since Ti is finite dimensional, we have u{^) E 7i® A = Ti^Anj- We also 
have {id ® n)-u(^) = ^®1b- Since u = un and IT = on ^ = Anj, we have 
{id (8) Iln)ufi{^) = ^® Isf^j as well. Thus Un : Aju — » Biu stabilizes ^ for the 
unitary representation un of Anj- 

We must show that Ufi is a universal morphism of quantum groups sta- 
bilizing ^. Let S : Afij ^ C be the quantum group stabilizer of ^. Since we 
know Un. stabilizes ^, we have 11^ = $ o S, for some surjective morphism of 
quantum groups $ : C — > Bfij. Rieffel deformations are reversable. That is, 
if we deform Afu using the skew form — J on t ® t, we have {Afij)-hJ — ^■ 
Since the effect of the deformation on the quotient maps IT, S, or $ is trivial 
on the polynomial subalgebras of the corresponding quantum subgroups, we 
have n = (na)_/i = o E_a. By the reasoning of the first paragraph, 
since E : Anj C stabihzes ^ for m^, we have : A — > C-tu stabilizes 
^ for u. Since 11 : A — > S is the quantum stabilizer for ^, we have E_^ 
factors through H, which implies that : C_^j — > S is an isomorphism of 
quantum groups. Hence $ : C ^ B}^ is an isomorphism of quantum groups 
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as well. This proves that 11^ is a universal morphism of quantum groups 
stabilizing ^. 

□ 

Next we show that the state stabilizer seems to deform in a similar 
way. The first thing we need to know is how the state space of A is deformed 
under Rieffel deformation. This question is addressed by Kaschek, Neumaier, 
and Waldmann in [Kalj . We briefly recall their results here adapted to our 
scenario. 

Let = t © t, so that we have an action a : V C*-Aut(A). Choose an 
inner product g : V ^ V —>■ on V , and consider the normalized Gaussian 
function 

^ , , vdetG _sKiO 

^^^") = W'^ ^ ' 

where G is the volume form determined by g, and detC is the determinant 
of G with respect to the Haar measure on V and n = dim(V)/2 = dim(t). 
Now consider the operator Sn, ■ A'^j A°° given by 

Sn{a) = / Gn{u)au{a) du. 
Jv 

The integral exists because the action a is isometric and because the Gaussian 
kernel decays rapidly. It is clear that Sfi is unital. In Lemma 2.3 and Theorem 
3.3 of [Kalj . the authors show that 5*^ has the following properties. 

Proposition 6.8 Consider the linear operator Sn : A'^j —>■ A°° considered 
above. Let a G A'^ . We have 

hm Sfi(a) = a, 
h\o 

and Sfi =h\o exp ^^V^^ asymptotically, 

both with respect to the Frechet topology of A°° , where is the Laplacian 
for the inner product g. 

Suppose further that the inner product g is chosen so that h = g + iJ is 
a hermitian metric for some complex structure on V . Then the map Sfi : 
A^j — >• A°° is positive. 
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In |Kalj . the authors go on to show that Sn, is continuous for the norm on 
A, so that if G S{A), then one has 0a = ° G S{Afi) for all h> 0. The 
continuity in the Frechet topology is interesting for us, because the formula 
for the asymptotic expansion of Sn suggests that Sn. should be invertible for 
small h and for a sufficiently smooth class of elements. For our quantum 
group we have S{A) ^ S{A°°) ^ S{A) by density of the inclusion maps 
A C A°° C A, and so we have S{A) = S{A°°) = S{A) because our quantum 
groups are full [Belj . So we see that as long as Sn is invertible on some 
sufficiently smooth class of elements, one would expect the corresponding 
pullback map on the state spaces to be invertible. 

Lemma 6.9 Let A be a compact quantum group, and let U : A ^ C{T) be 
a torus in A. Let u -.Ti ^ Ti® A be a unitary representation of A, and let 
C, be a vector stabilized by C(T). Consider the action p : t — > C*-Aut{A) 
by right translations. Then for any t E t we have 

{id®pt)u{i) = 

Proof: Since C{T) stabilizes ^, we have {id ® lV)u{C,) = C, ® 1c(t)- We 
compute 

[id ® pt)u{^) = {id O zrf ® 4xp{i)n) {id O A)u(0 
= {id ® id ® 5exp{t)'^){u ® id)u{^) 
= u[{id 5e^p(^t)'n)u{^)] 
= U[{id ® 5exp(i))(^ ® lc(T))] = ^^(0- 

□ 

Lemma 6.10 Let A be a compact quantum group, and let H : A ^ C{T) be 
a torus in A. Let u : Ti, ^ 7i ® A be a unitary representation of A, and let 
^ eH. be a vector stabilized by C{T). Consider the action A : t — > C-Aut{A) 
by left translations. Then for any s G t and for any (j) E we have 

(id O o A,)m(0 = 
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Proof: Again, since C(T) stabilizes ^, we have {id <S> Ii}u{^) — ^ <^ 1c(t)- 
Because (f) & we have Uip{^) — ^. We compute 



{id <^ (j) o \,)u{^) = (irf(g)(5exp(-5)n(g)0)(i(i(g) A)m(^) 

= {id (8) 5exp(-s)n (8) 0) (m (8) id)u{^) 

= {id Se^p{-s)^)u[{id ® 

= (id 4xp(-3)n)u(0 

= (id l8) 5exp(-5))(C ® lc(T)) = 

□ 



Proposition 6.11 Let u : Ti. ^ Ti ® A he a unitary representation of A, 
and let ^ E H. Consider the corresponding unitary representation un,: Ti. ^ 
H (8) Afij. Let (j) & be an element of the state stabilizer of ^ for u. Then 
(f>h = (f) ° Sn, is an element of the state stabilizer of ^ for un- Conversely, if 
(pn e H^, then we have that 4> & as well. 

Proof: Recall that a(^s,t) — Kpt- Using the preceed lemmas we have if 
(f) E H^, then 

{id <^ (j) o a(^g^t))u{0 = {id IS) (p o \^pt)u{^) 

= {id®(poX,)u{^) = ^. 

Thus we have 

{id (8) 4>h)Uh{0 = {id®(f)o Sn)uH{0 = 

Gn{s, t){id (8) o a(^s^t))u{i) dsdt 

= / Gn{s,t)idsdt = i. 
Jv 

For the converse, we note that {id ® 4>h)uh{i) = i imphes that 

/ {{id ®(t>o a^,^t)HO,OGn{s, t) dsdt = (C, 0- 
Jv 

As usual, we have that ||(id(8 o a(^s^t))u{^)\\ < ||^||, since all the maps 
we're applying have norm one. Since Gfi{s, t) dsdt is a probability measure 




96 



on V, Minkowski's inequality gives that {{id ® o a(s^t))u{$,),^) = {CO 
the support of Gfi{s, t) dsdt, which is all of V. Now the Cauchy-Schwarz 
inequality gives that ® o a(^s,t))u{0 = ^ i^^ ^) ^ ^ ■ particular, 

setting (s, t) = (0, 0) gives {id ® 0)^^(0 = ^5 so that G -f/^f. 

□ 

Let : 5'(y4) ^ S'(A;jj) be the pullback map of Sfi : Afu ^ A on states. 
The preceeding proposition says in particular that we have S'^(ifg) C H^. 
One would actually have Sl{H^) = if the map 5*^ : S{A) S{Afij) were 
bijective. This is unlikely for general Rieffel deformations of C*-algebras, 
because the map Sfi : Afu —>■ A is probably not bijective. It cannot be 
bijective for the whole smooth algebras, because it smooths out elements too 
much. However, since Sh is given by convolution with a Gaussian, by Fourier 
analysis one would expect it to be bijective on some dense subalgebra of 
Schwarz functions. For example, in |Ka2j Kaschek shows that Sn is injective 
for A = C°°(V, M). He also gives the range and inverse of 5*^ for A = iS(M^), 
and it seems reasonable that corresponding results should hold for general 
A. 

The point is this. Since our C*-algebra A is actually a quantum group, 
we have by [BiT] and jWa3] that S{A) = S{A°°) = S{A). The polynomial 
subalgebra is really at the heart of the geometry for a quantum group. If 
Sfi is invertible on any class of elements, it seems quite likely that this class 
of elements should contain the polynomial subalgebra A. If this is the case, 
then we have that the corresponding pullback map : S{A) S{Afij) will 
be bijective. 

Conjecture 6.12 Let u : Ti. —>■ Ti. ^ A be a finite dimensional unitary rep- 
resentation of a compact quantum group A. Let ^ E Ti have state stabilizer 

C S{A). Let Tl : A ^ C{T) be a toral subgroup of A that stabilizes C,- Let 
6 be a skew- symmetric bilinear form on the Lie algebra t of T, and let Aju 
be the corresponding Rieffel deformation of A. 

Consider the corresponding unitary representation Un '■ ^ ® Anj. 
Then the state stabilizer of ^ for the representation un is given by = 
S^{H^), where : S{A) S{Afij) is the map defined above. 

We will give evidence for this conjecture in the next section when we 
compute the Berezin Quantization for coadjoint orbits of Afij. We will not 
obtain that = H o Sn,, but we will see that A^"^ = N^°^'' for any ergodic 
y4-module algebra A^. 
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6.4 Examples of Berezin Quantization 
6.4.1 A = C*(r), the Trivial Example 

Let r be a discrete group, so that A = C*{T) is a cocommutative compact 
quantum group. We have noted before that A is then Kac-type and coa- 
menable. Furthermore, since all irreducible unitary (co) representations of A 
are one-dimensional, we have that any vector in an irreducible unitary rep- 
resentation is primitive- like. Thus our Berezin Quantization scheme should 
apply to some quantum homogeneous space A^ . In this section we show that 
in this case we have A^ — Cl^, we have — C for all n e N, and each of 
the Berezin symbols and Berezin adjoint maps are trivial. 

Every irreducible representation of C*(r) comes from an element of F, in 
the following sense. If 7 G F, then there is an irreducible representation u : 
C — >• C®C*(F) = C*(F) by u{w) = wj, and every irreducible representation 
of C*(F) is of this form. 

Consider the irreducible representation u{w) — of C*(F). Let 2; e C 
be a vector of norm one. We have the tensor product representation w®" is 
given by u'^"'{w) = wj"'. In particular, u^"' is irreducible for all n G N, so 
that z is a primitive-like vector. The rank-1 projection corresponding to z 
is P = Ic G B{C) ^ C. We have a{P) = uPu* = Ic ® Ia- Thus the state 
stabihzer of P is the whole state space S{C*{r)). If a G C*{r)^, then we 
have (0 ® id)Aa — a for all G S{C*{T)). Taking (f) to be the Haar state 
gives a = h{a)lA, so we have that A^ = Clyi- 

Similarly, we have that P" = 1^" = Ic for all n & N. Also we have 
a" = ^c^||"c) ® 1^4 = idB(c) ® 1a- Thus the cychc subspace of C generated by 
P" is all of C for all n, and we have = C for all neN. 

Finally we compute the Berezin symbol and its adjoint. Let 2; G C. We 
have cr" : C ^ CIa is given by 

(7"(^) = (ir®id)((P"® U)q;"(-z)) 

= {tr®id){{lc®lA){z®lA)) 
= zIa- 

Let zIa^ A" = CIa- We also have a" : ^ C is given by 

^"(zIa) = dc(irf®h)([(2rf®/€)a"(P")](lc®^lA)) 
= (id® h)((lc(»U)(lc®^lyi) 
= zlc = z. 
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6.4.2 Invariant Subspaces and Quantization of Orbifolds 

Our first main theorem of this paper was the construction of Berezin quan- 
tizations for quantum "coadjoint orbits." See Proposition 14. 131 and Theorem 
14.261 That is, we showed that if u : 7i — > 7i ® A is an irreducible unitary 
representation of a quantum group A with a primitive-like vector ^ G 7i (see 
Definition 14. 8p . and H C S{A) is the state stabilizer of the rank-1 projection 
P G BiTi) corresponding to ^, then there is an explicit sequence of finite 
dimensional operator systems i?" converging to the quantum homogeneous 
space (see Definition I3.16p . We now use Theorem 15.221 to show that if 
n : A — >• 5 is a quantum subgroup of A, then the corresponding spaces of 
invariant elements also converge. That is, we have ^B"^ is a Berezin quanti- 
zation for ^A^ . In particular, this will allow us to give Berezin quantizations 
for certain double cosets of ordinary Lie groups, and we show that the latter 
can be orbifolds. 

Proposition 6.13 In the notation of Theorem \5.2S\ let N he the ergodic 
A-module algebra ^A, where 11 : A ^ B is a quantum subgroup of A. Then 
we have = ^A^ , and the finite dimesional algebras Mn are given by ^B"'. 
Thus by Corollary \5.14\ ^'^'^ Theorem \5. 22\ we have that { ^B"'} U { ^A^} is 



a strict quantization of^A^, and that for any invariant Lip norm La on A, 
the corresponding quantum metric spaces ( '^iS", L„) converge to ( ^A, L) in 
quantum Gromov-Hausdorff distance. 

Proof: It's clear that for = ^A, we have A^-'^ = ^A^ , where 

^A^ = {a e A\{id® n)Aa = a (g) 1^ and ^^{a) = a, V0 G H}. 

Next we compute M. See Definition 15.31 We have 

Mn = {oo e B® "a I (a (g) id)uj = {id ® A)uj}. 

By the reasoning in the example immediately following Definition 15.31 we 
have that {id ^ e) : M ^ B. To find the subspace of B that is the image of 
M, we must find for what T G i3 do we have <y{T) G M. 

We claim that <y{T) G M if and only if {id ® n)a(T) = T (g) 1^; that is, 
if and only if T G ^B. We have 

a{T)eM ^ {id®id^U){id®A)a{T) = a{T)®lB 

^ {id®id®Il){a®id)a{T) = a{T)®lB 

^ (a (g) id) {id (g n)a(T) = (a (g id) (T (g 1^) 

^ (irf® n)a(T) = T(g 1b, 
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where for the last equivalence we have used that {a <S> id) is injective. 



□ 



Example. Let A = C{G) for G a compact semisimple Lie group, and let 
U : G ^ B{Ti.) be an irreducible unitary representation of G. Let K < G 
be a subgroup of G, and let if < G be the stabilizer of the rank-1 projection 
corresponding to the highest weight vector of U under conjugation by U. 
Then we have ^A" = C{K\G/H) is a double coset space, and = U{K)' C 
B{H) is the commutant of U{K) in B{n). 

Proposition 6.14 In the above example, suppose that K C gHg~^ for some 
g & G. Then the action of K on G/H fixes the point gH e G/H. If the 

action of K on G/H has an isolated fixed point, and if the action is properly 
discontinuous, then the double coset K\G/II is not a differentiahle manifold 
for the induced differential structure. 

Proof: Let k E K C gHg'^ be arbitrary. Then we have k ■ {gH) — gH. 
Thus K fixes gH . 

The second statement is really a general principle. Intuitively, if gH is 
an isolated fixed point, then in any neighborhood of gH we can find at least 
two points which map to the same point in K\G/ H. If the action is properly 
discontinuous, we can find two such points that are "seperated" from each 
other. At the infinitesimal level, there arc directional derivatives that are 
distinct just off gH but become identified at gH . Thus the "tangent bundle" 
of K\G/H is not locally trivial for this differential structure, and K\G/H 
is not a differentiahle manifold. □ 



Example. Let G = SU{2) and let U : SU{2) M2(C) be the standard 
representation. The highest weight vector of U is ei, so that P ' 





Then we have the stabilizer of P is the maximal torus H < G consisting of 
diagonal matrices in SU{2). We compute 

a -c \ f \ \ _ / aA -cA 
c a [ X J [ cX aX 



Thus we have 



bU{2)/H- (a, c) ~ (aA, cA) for A e ^1 " " 
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Via the equivalence relation, we see that (0, c) ~ (0, 1) for all |c| = 1. For 
|c| < 1 we can choose a unique A G S*^ to make aX > 0. Thus we can use the 
stereographic projection map to obtain 

SU{2)/H = {{2\a\mt{c), 2\a\3m{c), \a\^ - |c|') e R=^} = 

as is well known. 

Now take K = I^n ^ H to he the copy of the cyclic group inside H: 
^" " { ( ^ ) ^ ^^^'^^ ' " °' ^' ^ ~ ^} ' ^^^'^ ^ = exp(27ri/n). 

We have ( ^ ^ ] ■ (a, c) = (Co, Cc) ~ (ct)C^c). Looking at the formula for 



.0 C. 

the stereographic projection above, we see that the generator of Z„ acts on 
by rotating iiT/n in the plane spanned by first two coordinate vectors. For 
simplicity take n e N to be odd. Then we have each point of 5"^ is identified 
with it's image after rotating by 27r/n. Thus we see that S'^/Zn is isometric 
to the ellipsoid with radii 1/n, 1/n, and 1. As the quotient of a manifold by 
a finite group action, S'^ jTLn is a prototypical example of an orbifold. The 
action is properly discontinuous since is finite. Because the north and 
south poles are isolated fixed points for the action of Z„, we see that 5'^/Z„ 
is not a manifold for the induced differential structure. 

Now we look at its finite dimensional approximations ^"M;v(C) = [/-^(Z")'. 
The N dimensional representation of SU (2) has a basis {vat-i, f at-s, f-Ar+i} 

C 
C 

Still assuming that n is odd, we have that exactly r of the basis vectors 
a.e flxed by \\\), exactly r are multiplied by A. and exactly r are 

multiplied by A" ^ . Thus the commutant of the image of Z" in Mjv(C) is 
isomorphic to Mr(C)®". So we have a hmit 

lim M,(C)®" = C(5VZ„) 

in a continuous field of operator systems. Given a metric on SU{2), we have 
a limit as quantum metric spaces. 



such that ( ^ - ] ■ Vj — C^Vj. For simplicity, take N — rn for some r e N 



101 



6.4.3 Coadjoint Orbits for C{G) 



The goal of this section is to show that our Berezin Quantization commutes 
with Wang's use of Rieffel deformation to deform compact quantum groups 
|Wa3] ■ We begin by recalhng our initial data. 

As usual, we let A be a coamenable compact quantum group of Kac-type. 
We let M : 7i — *• 7i ® A be an irreducible unitary representation of A with 
a primitive-like vector ^ G ?i, see Definition 14.81 We let be the cyclic 
subspace of 7-^®" generated by ^" = for the unitary representation u^"-. 
We let P" G B{7i"') be the rank-1 projection corresponding to We let 
a" : BiTi^) — >• BiTi^) ® Ahe the action of A given by conjugation by m®", 
and we let C BiJ-T') be the cyclic subspace generated by P". We let 
H C S{A) to be the state stabilizer of P under a (see Definition 13. 141) . 

Now let vr : N ^ A ® N he an ergodic right A-module algebra (see 
Definition ISTTl) . and let A^^ = {% ^ N \ ^ti{x) = x for all (f) e H} he the 
set of if-invariant elements of N. Let M" = {cu E B"' 1^ N \ (a" id) (to) = 
[id ® 7r)(co')}. Finally, we have the Berezin symbol a" : M" — > A^"^ and the 
Berezin adjoint a" : A^"^ — > given by 

(t"(cu) = {tr®id){{P''®id)uj), 
and ct"(x) = rf7in((a")t®irf)(P"®7r(x)) 

= d7^n(zd (g) h o m (g) id){[{id (g) K)a"(P")] (g n{x)). 

Corollary 15.131 says that the sequence of Berezin Transforms a" o o-" : 
A^-^ — A^-^ converges strongly to the identity operator. Theorem 15.221 adds 
that for any invariant Lip-norm La on A, the corresponding quantum met- 
ric spaces (M", L„) converge to (A^''^, L) in quantum Gromov-Hausdorff dis- 
tance. 

Suppose now we have a toral quantum subgroup n : A — > C(T) of A. 
We saw in Section 6.1.1 that we can deform A into a family of coamenable 
quantum groups A^j all of Kac-type, and we've seen that we have a deformed 
family of unitary representations Uh'-'H ^ Ti^Anj- In this section we show 
that the rest of this picture deforms as well. We will find = M" for all 
n E N. We have A^^ and A^'^ have the same smooth subspace, so that N^^ 
and A^^ are merely completions of the same space in different norms. Finally 
the Berezin symbol and its adjoint are undeformed on this smooth subspace. 

We saw in Section 6.3.2 that if A = C{G) is the algebra of continuous 
functions on an ordinary compact group G, and if i^' < G is the usual stabi- 
lizer of P under a, then the quantum group stabilizer of P under the deformed 
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action afi is given by the quantum subgroup Un : C{G)nj C{K)fij- Since 
for the undeformed C{G) we know that both the quantum group stabihzer 
and the state stabihzer of P are equal to C{K), Conjecture 16.121 suggests 
that the state stabihzer of P under the deformed action should be equal 
to C{K)nj as well. We will not be able to obtain this result, but we will 
show that the set of if ^-invariant element elements of C{G)rij is the same 
as the set of C(fr);jj-invariant elements, which gives strong support for our 
conjecture in this case. Also, we will see that the quantum coadjoint orbit 
C{G)^j is just the 6'-deformed homogeneous space C{G /K)r£ from Section 
5 of [Vaj. 

Let 6' be a skew-symmetric form on the Lie algebra t of T. As described 
in Section 6.1.1, we have two actions of t on A given by 

\s{a) = (5exp(-s)n (g)i(i)Aa, 
and pt{a) = (irf (g) 5exp{t))Aa. 

These two actions commute with each other, so there is an action of t © t on 
A given by (y{s,t) = ^sPt- We can deform A by the action of t © t with the 
skew form J = ® (—0) to obtain a family of compact quantum groups Afij. 
We also have an action of i on given by 

= (5exp(-s)n © Z(i)7r(x). 

Thus we can deform A^ by this action of t using the skew form 6 to obtain a 
family of C*-algebras A";;^. We show that Nfig is an A^^j- module algebra. 

First, we stop to discuss the algebra of regular functions of an A-module 
algebra. We define algebra of regular functions of A^ to be the algebraic 
direct sum of the isotypic components on A^, and we denote it by J\f, see jLi] . 
Clearly, A/" is a dense *-subalgebra of A^. By the argument of |Po] , the action 
TT : A^ ^ y4 © A^ of the compact quantum group A restricts to an action 
71 : Af ^ A^Af of the algebraic quantum group A on Af. Finally, we denote 
by Afm the dense subalgebra of Nf^g which is equal to A/" as a linear space. 

Proposition 6.15 Let it : N ^ A^ N be a right A-module algebra, and let 
li : A ^ C(T) be a toral quantum subgroup of A. Let 9 be a skew-symmetric 
form on the Lie algebra ofT. Then the natural map 

Mm = M ^ A® M = Ahj ® Mm Q At,j ® NnB 

lifts to an action T^n : A";^ — > Af^ © Nm of Afu on Nm- Moreover, one has 
that TTfi is ergodic if and only if tt is ergodic. 
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Proof: The first half of this proof is very simihar to our proof of Lemma 16.61 
above. The remainder mimics Rieffel proof that Af^ : C{G)fij C{G)fij ® 
C{G)nj is a *-homomorphism in |Re5 ] . or Wang's corresponding proof in 
|Wa3] . We give a quick sketch. 

First of all, by |Po] we do have ti : N ^ A® Af. By the same argument 
as in Proposition 3.2 of [Wa3j . it is easy to see that A/" C N°°, where N°° is 
the dense subalgebra of smooth elements for the action of t. Hence the string 
of linear maps above makes sense if we define A/w to be A/" as a linear space 
endowed with the deformed product of Nfig. 

Since the coproduct : Afu Afu is undeformed on the polynomial 
subalgebra Anj, it is easy to see that iifi defined above satisfies {id^Hf^Ufi = 
(A^ (g) id)Trfi on the algebra of regular functions A/?,^. Since the involution of 

is undeformed on A/", we have that tt/j is *-preserving. 

It remains to show that nn, ■ J\fm Anj ® Afm is a homomorphism for 
the deformed products. As in jReSj . we let 

C = {F e A® N \{pt® id)F = {id » for all t e t}. 

It is easy to check that 7r(A^) C C. We denote tt hj ip when we view it as 
a map from to C. Since the actions p and A of t on A commute, there is 
also an action of t on C given by 

(3t{F) = {Xt®td){F). 

A quick check gives that ip o = jSt o ^ so that ip intertwines the actions of 
t on and on C. Thus there is a natural map ipn, ■ since Rieffel 

deformation is functorial. 

Next, define an action 7 of on A (g) C by 

We have that 7 restricts to an action on C because T is abelian and because 
A and p commute with each other. By the definition of C we have that 
the subspace {{0,t,t) G t^} acts trivially on C. Consider the skew form 
L = e® (-6) ®e on The argument of [Re5] gives that Cl = . We let 

T^h = t° ^h, 

where l is the inclusion l : Cl ^ {A N)l. Since (A (g) L)l = A'} Nj^, 
and because ipfi and l are both unital *-homomorphisms, we have that iTfi is 
a *-homomorphism from Nf^g to Afu Nf^g. 
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Since ^ = tt on jV, it's easy to see that tt^ is given by the composition 
stated in the proposition when restricted to Mrs- 

Suppose now that ti : N ^ A® N is ergodic. We have the canonical 
expectations E : N ^ iV'"^ and Efi : Nfi^ — > onto the invariant subalge- 
bras for tt and T^n given hy E — {\\® id)7r and En — {h<Si id)T:n.- We see that 
E — Ell on the subalgebras of regular functions M = Mm- By ergodicity, 
we have E{N) = Cl^. Thus we have Ef^i^Nm) ^ '^'^Nue- Since Mm is dense 
in Nm, we have En^Nm) = Cljv^^^ also, which says that ttr is ergodic. The 
converse is similar. 

□ 

Now that we understand how to deform the A-module algebra iV, let us 
return to the action a : B(H) B(H) (8) A. We should have a deformed 
action a^, : B(H)m B(TC)m ® ^nj which agrees with a on the dense 
subalgebra of regular functions of B{T-[). Since B{T-[) is finite dimensional 
it is equal to its subalgebra of regular functions, and wc have a = ari when 
consider B{7i) and B{T-C)m merely as linear spaces. Thus the cycUc subspaces 
B and Bn0 generated by P are not deformed as linear spaces. Only the order 
structure of B is deformed. 

Now we move on to the deformation of the finite dimensional approxi- 
mations M" of A^-^. As one might expect from the corresponding statement 
for B, we have that M" is not deformed as a linear space. Only its order 
structure is deformed. 

Proposition 6.16 We have M = Mm as linear spaces. The natural iden- 
tification between them is given by the restriction of the "identity" map 
B®M^Bn®Mm- 

Proof: Recall that M QB^N is given by 

M = {ujeB®N\{a® id)uj = {id O 7r)a;}. 

Since B is finite dimensional, it is easy to see that any c<j G M must actually 
be an element of B (E) M. Since a/j and tt^j are not deformed on the regular 
function algebras B and M, we have that {an. ® id)u!fi = {id (8) TTnjuJh, where 
cufi is ijj viewed as an element of Bn ® Mm- Thus lo 10% gives a mapping 
M Mm- Similarly, one can check that (Vn G Mm implies u; G M, so we 
have M — Mm as linear spaces. 

□ 
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Finally, we check that the Berezin symbol and Berezin adjoint are un- 
deformed, in the obvious sense. Because it is not clear a priori how the 
state stabilizer of P should deform, we view the Berezin symbol as a map 
a : M ^ N and the Berezin adjoint as a : N ^ M. We recall a basic fact 
from Fourier analysis. We use the shorthand en{t) — exp{2TTiht) for the rest 
of this section. Recall from Section 6.1.1 that if C is a C*-algebra with an 
action of that comes from the action of a torus, then the product on 
can be written in terms of the weight spaces for T as 

We begin by showing that the trace on B{7i)m is the same as the trace 
on B{n). 

Lemma 6.17 Let a : T ^ C be an action of a torus on a C* -algebra C. Let 
(p e S{C) be a distinguished positive linear functional on C , and suppose that 
the action a is unitary for the inner product {i,ri) = (p{r]*^) on C. Then for 
any ^, 77 G C"*'^ we have 

vie Xrwv)^ viCv)- 
Let (pfi be (p considered as a linear functional on . In particular, we have 
that if ip is a trace on C, then (pn, is a trace on . 

Proof: As in the statement, we let (^,77) = v{i]*0- Since a is assumed to 
be unitary for this inner product, we have 

Let m and n be in Z*^, and suppose that ^ is in the weight space Cm and 
Tj E Cn- Then we also have 

(atiO, ativ)) = e{t ■ (m - n)Mv*0 Vt e T. 

Combining this with the previous equation gives that the weight spaces Cm 
and Cn are orthogonal for m 7^ n. Since Ic € Cq, we have for any ^ € C 
that 
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where is the component of ^ inside Cq. In particular, we have that ip{^ x fyg 
rf) = ip{{C, Xf^ v)o)- But since 9 is skew-symmetric, we have 

i^Xhe'n)o = ^mV-meni-Om ■ m) 

SO that Lp{^ xnev) = vi^v)- D 

Corollary 6.18 Let tvfi be the trace on BiTi), considered as a linear func- 
tional on B(Ti.)fig. Then trj^ is the trace of BiTi)}^. 

Proof: The only part of this statement that is not covered in the lemma is 
that tTfi is continuous on all of B(H)m- This is clear since B(H)m is finite 
dimensional. □ 

Corollary 6.19 Let h be the Haar state of A, and let vn : A A ^ A be 
the multiplication map. Then we have hom = hox;ijon the polynomial 
subalgebra A = Anj- 

Using these two corollaries, we can now show that the Berezin symbol 
and Berezin adjoint are not deformed on the smooth subalgebra of A^. 

Proposition 6.20 Consider the Berezin symbols a : M ^ N and : 
Mfjg — > Nfj^. Let uj & M. Then cr{uj) G A/". Furthermore, we have 

On the left hand side we are denoting uj viewed as an element of M^b by uji. 
On the right hand side we are denoting cr{uj) viewed as an element of Mm by 

Proof: 

We recall that a : M ^ N is given by 

a{uj) = [tr ® id){{P ® l)uj). 

As in the proof of Proposition 6.15, we note that since M is finite dimensional 
any G M must be an element of B ^ A/", so that <j{uj) G A/". 

We are not changing our choice of primitive-like vector ^, so the rank-1 
projection P is not deformed. By Corollary 16.181 the trace is not deformed, 
so the result is clear. □ 
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Proposition 6.21 Let x G N". Denote by Xfi the element x viewed as a 
member of Mm- Consider the Berezin adjoints a : N ^ M and an '■ N^b — >■ 
Mfi0. Then we have 

crh{xn) = cr{x)H, 

in the evident notation. 

Proof: Again, we look at the formula 

o'x = dniid ® h o m (g) id){{id ® K)a{P) ® Tt{x)). 

We know that k, a, P, tt, and x are all essentially not being deformed. By 
Corollary 16. 191 we have that hom = hox;i^, so the result follows. □ 

From these two propositions, we see that Berezin Transform aoa : N N 
is undeformed on the subalgebra of regular functions A/". By Corollary I5.13[ 
we have that the sequence of Berezin Transforms (cr'^oa") converges strongly 
to the identity operator on A^^. This suggests that A^^ fl A/" is undeformed 
as a linear space; only its order structure is deformed. We check that this is 
the case. 

Proposition 6.22 Let N^nJ\f = . ThenM^ is dense m . Under the 
6 - deformation of N, we have that = N'^ as linear spaces. That is, only 
the order structure of , and hence its norm, is deformed. Intuitively, we 
have that and are just completions of with respect to different 
norms. 

Proof: We know that (a" o = [hpn, (g) id)TT{x) for some sequence 

of states hpn given before. We shall see in Corollary 17.21 of the appendix 
that these states actually converge weak* to a state h G S{A), and that this 
h is a. Haar state for the state stabilizer H. Thus we have an expectation 
E : N given by 

E{x) = {h®id)7i{x). 

We have seen that n : Af A ® Af, so that E : M Af^. In particular, 
using that E is idempotent gives E{Af) = . Since E is continuous, we 
have that is dense in A^"^. 

As was noted before, the Berezin Transforms are undeformed on the sub- 
algebra of regular functions M . As E is the strong limit of these Berezin 
Transforms, we have that E{x) = En[xn} for all x G A/", in the evident 
notation. Thus we see that = E{M) = En{Mm) = □ 
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Remark. Slight modifications of tlie proofs of Lemma 16.91 through Proposi- 
tion EiTT] show that we also have = A^°^'^. Combining this with the above 
proposition shows that = A^°^'^ . We still only know that H o Sn H^, 
but we see that for this example H o Sn. is a. large enough subset of H'^ to 
determine its quantum homogeneous space. 

Example. Suppose that A = C{G) is the algebra of continuous functions 
on a compact semisimple Lie group G. As usual, we take P to be the rank- 
1 projection corresponding to the highest weight vector in some irreducible 
unitary representation U of G. Let i^' < G be the ordinary group stabilizer 
of P for the representation ag{T) = UgTU* of G on B(H). We have seen 
before that the restriction map LI : C{G) C{K) is both the quantum 
group stabilizer and the state stabilizer of P. 

By Proposition 16.71 the quantum group stabilizer of P for the represen- 
tation aji : BiH) B(H) (S> C{G)fij is given by the quantum subgroup 
n^j, : C{G)h.j C{K)nj. We have the undeformed homogeneous space is 
C{G/K), which is a coadjoint orbit of G. By the above proposition we have 
that the regular functions of G{G/ K) are dense in C{G)^ . By Section 5 of 
[Vaj , we have that the regular functions of C(G/ K) are also dense in the quan- 
tum coset space G{G / K)f^. Since the state stabilizer maps onto the quantum 
group stabilizer we have by general principle that C{G)^ ^ C{G / K)f^. 
Hence Varilly's result implies that C{G)^ = G{G / K)rs- That is, the quan- 
tum coadjoint orbit of G{G)fu is simply the quantum coset space G{G/K)fug 
of Varilly. In particular, for Rieffel deformations of classical Lie groups we 
see that the coadjoint orbits are C*-algebras and not just operator systems. 

We remark that in the non-Kac type case, the results of [Ju] suggest 
that the quantum coadjoint orbits for g-deformations of classical Lie groups 
should turn out to be C*-algebras as well. 

The results of this section are somewhat strange. We have that the quan- 
tum homogeneous space has a dense subalgebra which is undeformed 
as a linear space under Rieffel's deformation. This is not too surprising, 
because this is how Rieffel's deformation works. We also have that the fi- 
nite dimensional approximations M" of are undeformed as linear spaces, 
only their order structure is deformed. What is very surprising is that the 
Berezin symbol and its adjoint are essentially undeformed. Basically, the 
results of this section show that we have linear maps o"" : M" JV^ and 
o"" : JV^ that give a Berezin Quantization of the algebraic quantum 
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homogeneous space A/"^, which we can view as just being a hnear *-space. 
Furthermore, it suggests that for any order structure on ^ we can choose 
a corresponding order structure on so as to make these maps positive. 
So it seems that these maps not only give a quantization that commutes 
with changes of the metric on A/"^, as we see from Theorem I5■22^ but also 
commutes with changes of the topology of . 
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7 Appendix 



Throughout this paper we have considered the state stabihzer of a vector in 
a unitary representation of a compact quantum group A. See Definitions 13.31 
and I3.14[ We have noted that since the state stabihzer ^ : A —>■ B is merely 
a map of order unit spaces, there's no reason to beheve that B should have 
a Haar state. In this section we investigate when B has a Haar state. 

For motivation, consider a quantum subgroup U : A —>■ B of A, and let 
be the Haar state of B. Let A^ = {a E A\{Il^ id)Aa = 1^ ® a}. Then one 
has (h^ (g) id) A : A — > A^ is an idempotent map from A to A^. Intuitively, 
we are averaging an element of A over the Haar state of B to get an element 
of A^. 

Let A be coamenable and Kac-type. Let {u, Ti) be a unitary irreducible 
representation of A with a primitive-like vector ^ G 7i. Let P be the rank 1 
projection corresponding to ^, and let H be the state stabilizer of P under 
conjugation by u. Then by Proposition l4.13l we have \min~^oo{hpn®id) Aa = a 
for all a G A^ . Since S{A) is weak*-compact, we can let h G S{A) be a limit 
point of the sequence hpn. Then h seems like a reasonable canidate for a 
Haar measure of H. We show that this is indeed the case. 

Proposition 7.1 Let (j) E H. Then we have hpn * (f) = cf) * hp™ = hpn for 

any n G N. In particular, we have h*0 = 0*h = h. 

Proof: It suffices to show the case when n = 1, since the state stabilizer 
of is contained in the state stabilizer of P by Proposition 13.201 We first 
compute (j) * hp for G i/. We have 

(0*/ip)(a) = ^7^(0® h)((l®(Tp)Aa) 

= dn{(f)®h){[{K®id)Aap]{l®a)) 

= d'}-ih{[{(f)OK^id)Aap]a) 

= d-j-ih^apa) = hp{a), 

where we have used the facts that (j)o k E H and crp G A^ . See Propositions 
IX^andOl 

Similarly, we can compute hp * (p. 
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{hp*(f)){a) = d7^(h(g)0)(((7p® l)Aa) 

= dn{^®(p){[{id®K)A(Tp]{a®l)) 

= d'Hh{[{id (f) o K)Aap]a) 

= dn^{[{(f)® K-^)A{K(rp)]a) 

= dn^dicp® K-^)Aap]a) 

= dT-ih{K^^{(jp)a) 

= dn^^cTpa) = hp{a), 

where we have used Kcrp = {{id ® K)a{P), P ® 1a) = (-P ® Iaj Q^(-P)) = cTp = 

CTp. 

□ 

This proposition shows that each hpn is hke a Haar state for H. The only 
problem is that hpn ^ H. If one thinks about the statement of Lemma 14.91 
geometrically, intuitively it says that the states hpn become more concen- 
trated on if as n ^ oo, so that in the limit, it's as if one is just integrating 
over a Haar state of H. To see that h really is a Haar state of H, we just need 
to check that it really is an element of H. But this follows from Proposition 
Km and Proposition KM 

Corollary 7.2 For A coamenahle and Kac-type, the state h constructed 
above is in the state stabilizer H , and so is a Haar state for H . 

We have not discussed compact quantum hypergroups in this paper, but 
essentially a compact quantum hypergroup is like a compact quantum group, 
except that the coproduct is not assumed to be a *-homomorphism. See 
|Ch] for the actual definition and the basic properties of compact quantum 
hypergroups. Any quantum hypergroup has a Haar state. So if H : A — S 
is a quantum subhypergroup of A, then the Haar state of B pulls back to 
an idempotent state on A. Based on the results of |Dej and [Lad] . Franz 
and Skalski suggest that any idempotent state on a compact quantum group 
A is the puUback of the Haar state on some quantum subhypergroup of A, 
and they prove that this is the case for finite quantum groups [Wj. The 
full conjecture seems to be out of reach at the moment, but since our state 
stabilizers have Haar states, it is natural to ask whether or not they are 
quantum subhypergroups of A. 
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Question 7.3 Let A be a coamenahle compact quantum group of Kac-type. 
Let {u, Ti) he an irreducible representation of A with a primitive-like vector 
^, and let P be the rank one projection corresponding to ^. View the state 
stabilizer of P as a map of order unit spaces U : A —> B. Is B actually a 
quantum subhypergroup of A? 

We can also use this analysis to show that our coamenability assumption 
cannot be dropped. Let A be the universal Kac-type quantum group Au{m). 
Suppose that the concentration result of Lemma 14.91 holds without assuming 
coamenability. Then the rest of the results of Section 4.2 also hold without 
assuming coamenability. Let {u, C™) be the fundamental representation for 
A. By |Ban2j . each of the representations u^'^ are irreducible so that any 
nonzero ^ G is a primitive-like vector for u. Thus we can take P G Mm(C) 
to be any rank one projection. 

Again, we let h he a weak*-limit of the states hpn. Using the same 
analysis as above, we have that h is a Haar state for the state stabilizer of 
P. However, we can show that h ^ H. 

Proposition 7.4 For A = Au{m), the state h is not in H . 

Proof: By Proposition I3.18[ we have that h E H ii and only if h{ap) = 1. 
Since hpn[a) = dim')^nh{{ap)"'a) is a state, we have h((crp)"') = (dimy^n)'^ . 
Thus we have 

dimy^n 
hpn[ap) = — . 

dim-j^n+i 

By Banica, we also have Ti"' = Ti®^. Thus h{ap) = 1/m 7^ 1, so /i is not 
an element of if. □ 



Corollary 7.5 The conclusion of Lemma \4-9\ does not hold if u : C™" — >■ 
C™ ® Au{m) is the fundamental representation of Au{m). 

Conjecture 7.6 Let P be a rank 1 projection in Mm(C), and let a : Mm(C) - 
Mm(C)®y4„(m) be conjugation by the fundamental representation of Au{m). 
Let H be the state stabilizer of P. Then H has no Haar state. 

If this conjecture is true, it shows that the state stabilizer of an element 
of a unitary representation of a compact quantum group is generally not even 
a quantum subhypergroup. 
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